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Abstract 

The relativistic chiral SU{3) Lagrangian is used to describe kaon-nucleon scattering 
imposing constraints from the pion-nucleon sector and the axial-vector coupling 
constants of the baryon octet states. We solve the covariant coupled-channel Bethe- 
Salpeter equation with the interaction kernel truncated at chiral order where we 
include only those terms which are leading in the large Nc limit of QCD. The baryon 
decuplet states are an important explicit ingredient in our scheme, because together 
with the baryon octet states they form the large Nc baryon ground states of QCD. 
Part of our technical developments is a minimal chiral subtraction scheme within 
dimensional regularization, which leads to a manifest realization of the covariant 
chiral counting rules. All SU(3) symmetry-breaking effects are well controlled by 
the combined chiral and large Nc expansion, but still found to play a crucial role in 
understanding the empirical data. We achieve an excellent description of the data 
set typically up to laboratory momenta of piab — 500 MeV. 



1 Introduction 

The meson-baryon scattering processes are an important test for effective field 
theories which aim at reproducing QCD at small energies, where the effective 
degrees of freedom are hadrons rather than quarks and gluons. In this work 
we focus on the strangeness sector, because there the acceptable effective field 
theories are much less developed and also the empirical data set still leaves 
much room for different theoretical interpretations. In the near future the new 
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DA$NE facility at Frascati could deliver new data on kaon-miclcon scattering 

[I] and therewith help to establish a more profound understanding of the role 
played by the SU{3) flavor symmetry in hadron interactions. At present the 
low-energy elastic X^-proton scattering data set leads to a rather well estab- 
lished K'^p scattering length with ax+p — 0.28 — 0.34 fm [2]. Uncertainties 
exist, however, in the /<'+-neutron channel where the elastic cross section is 
extracted from the scattering data on the K~^d K^pn and K^d — > K^pp 
reactions. Since data are available only for piab > 350 MeV, the model de- 
pendence of the deuteron wave function, the final state interactions and the 
necessary extrapolations down to threshold lead to conflicting values for the 
i<'"'"-neutron scattering length [3]. A recent analysis [4] favors a repulsive and 
small value ax+n — 0.1 fm. Since low-energy polarization data are not avail- 
able for /T^-nucleon scattering, the separate strength of the various p-wave 
channels can only be inferred by theory at present. This leads to large uncer- 
tainties in the p-wave scattering volumes [3] . 

The fC~-proton scattering length was only recently determined convincingly 
by a kaonic- hydrogen atom measurement [5]. In contrast the i^~-neutron scat- 
tering length remains model dependent [6,7]. This reflects the fact that at low 
energies there are no K" deuteron scattering data available except for some 
K~d branching ratios [8] commonly not included in theoretical models of 
kaon-nucleon scattering. The rather complex multi-channel dynamics of the 
strangeness minus one channel is constrained by not too good quality low- 
energy elastic and inelastic K~p scattering data [9] but rather precise K~p 
threshold branching ratios [10]. Therefore the isospin one scattering ampli- 
tude is constrained only indirectly for instance by the Avr^ production data 

[II] . That leaves much room for different theoretical extrapolations [6,7,12-18]. 
As a consequence the subthreshold KN scattering amplitudes, which deter- 
mine the ^-spectral function in nuclear matter to leading order in the density 
expansion, are poorly controlled. In the region of the A(1405) resonance the 
isospin zero amplitudes of different analyses may differ by a factor of two 
[19,20]. 

Therefore it is desirable to make use of the chiral symmetry constraints of 
QCD. First intriguing works in this direction can be found in [19-22]. The 
reliability of the extrapolated subthreshold scattering amplitudes can be sub- 
stantially improved by including s- ano? p-waves in the analysis of the empirical 
cross sections, because the available data, in particular in the strangeness mi- 
nus one channel, are much more precise for pi^b > 200 MeV than for piab < 200 
MeV, where one expects s-wave dominance. 

In this work we use the relativistic chiral SU (3) Lagrangian including an ex- 
plicit baryon decuplet resonance field with = \ ■ The baryon decuplet field 
is an important ingredient, because it is part of the baryon ground state multi- 
plet which arises in the large Nc limit of QCD [23,24]. We also consider the ef- 
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fects of a phenomenological baryon nonet d-wave resonance field witfi = \ , 
because some of the p-wave strengths in the KN system can be extracted from 
the available data set reliably only via their interference effects with the d- 
wave resonance A(1520). As to our knowledge this is the first application of 
the chiral SU (3) Lagrangian density to the kaon-nucleon and antikaon-nucleon 
systems including systematically constraints from the pion-nucleon sector. We 
propose a convenient minimal chiral subtraction scheme for relativistic Feyn- 
man diagrams which complies manifestly with the standard chiral counting 
rule [25-27]. Furthermore it is argued that the relatively large kaon mass nec- 
essarily leads to non-perturbative phenomena in the kaon-nucleon channels in 
contrast to the pion-nucleon system where standard chiral perturbation theory 
(xPT) can be applied successfully [28-30]. In the strangeness sectors a par- 
tial resummation scheme is required [31,19,20]. We solve the Bethe-Salpctcr 
equation for the scattering amplitude with the interaction kernel truncated 
at chiral order where we include only those terms which are leading in 
the large limit of QCD [23,24,32-34]. The s-, p- and d-wave contributions 
with J = |, I in the scattering amplitude are considered. As a novel technical 
ingredient we construct a covariant projector formalism. It is supplemented by 
a subtraction scheme rather than a cutoff scheme as employed previously in 
[19,20]. The renormalization scheme is an essential input of our chiral SU{3) 
dynamics, because it leads to consistency with chiral counting rules and an 
approximate crossing symmetry of the subthreshold kaon-nucleon scattering 
amplitudes. Our scheme avoids, in particular, breaking the SU (3) symmetry 
by channel-dependent cutoff parameters as suggested in [19] and also a sensi- 
tivity of the A (1405) resonance structure to the cutoff parameter implicit in 
[20]. 

We successfully adjust the set of parameters to describe the existing low-energy 
cross section data on kaon-nucleon and antikaon-nucleon scattering including 
angular distributions to good accuracy. At the same time we achieve a satis- 
factory description of the low-energy s- and p-wave pion-nucleon phase shifts 
as well as the empirical axial-vector coupling constants of the baryon octet 
states. We make detailed predictions for the poorly known meson-baryon cou- 
pling constants of the baryon octet and decuplet states. Furthermore the many 
SU{3) reaction amplitudes and cross sections like ttA — > ttA, ttE, ^ A/", rele- 
vant for transport model simulations of heavy-ion reactions, will be presented. 
As a result of our analysis, particularly important for any microscopic de- 
scription of antikaon propagation in dense nuclear matter, we predict sizable 
contributions from p-waves in the subthreshold AT-nucleon forward scattering 
amplitude. 

In section 2 we construct the parts of the relativistic chiral Lagrangian rel- 
evant for this work. All interaction terms are analyzed systematically in the 
1/A^c expansion of QCD. In section 3 we develop the formalism required for 
the proper treatment of the Bethe-Salpeter equation including details on the 
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renormalization scheme. In section 4 we derive the coupled channel effective 
interaction kernel in accordance with the scheme presented in section 3. The 
reader interested primarily in the numerical results can go directly to section 
5, which can be read rather independently. 



2 Relativistic chiral SU{3) interaction terms in Icirge Nc QCD 



In this section we present all chiral interaction terms to be used in the following 
sections to describe the low-energy meson-baryon scattering data set. Particu- 
lar emphasis is put on the constraints implied by the large Nc analysis of QCD. 
The reader should not be discouraged by the many fundamental parameters 
introduced in this section. The empirical data set includes many hundreds of 
data points and will be reproduced rather accurately. Our scheme makes many 
predictions for poorly known or not known observable quantities like for ex- 
ample the p-wave scattering volumes of the kaon-nucleon scattering processes 
or SU (3) reactions like vrA vrS. In a more conventional meson-exchange ap- 
proach, which lacks a systematic approximation scheme, many parameters are 
implicit in the so-called form factors. In a certain sense the parameters used 
in the form factors reflect the more systematically constructed and controlled 
quasi-local counter terms of the chiral Lagrangian. 

We recall the interaction terms of the relativistic chiral SU{3) Lagrangian 
density relevant for the meson-baryon scattering process. For details on the 
systematic construction principle, see for example [35]. The basic building 
blocks of the chiral Lagrangian are 
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+ > 



B 



b: , (1) 



where we include the pseudo-scalar meson octet field $(J^=0 ), the baryon 
octet field B{J^=^~^), the baryon decuplet field A^(J^=|^) and the baryon 
nonet resonance field B^{J^= | ) (see [36-38]). In (1) we introduce an external 
axial- vector source function yl^ which is required for the systematic evaluation 
of matrix elements of the axial- vector current. A corresponding term for the 
vector current is not shown in (1) because it will not be needed in this work. 
The axial- vector source function = I]A^A*^"\ the meson octet field $ = 
E*aA(") and the baryon octet fields B = J2 Ba X'^"^ /V^, B^ = B*^ q/V5 + 
X] -B^ a A*-'*-' / \/2 are decomposed using the Gell-Mann matrices A^ normalized 
by trAaAft = 2 6ab- The baryon decuplet field A"^'^ is completely symmetric 
and related to the physical states by 
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^111 ^ ^++ ^ ^113 ^ s+/a/3 , 

= A+/v^, A123 = E7v^, A233 
Ai22 = A7V3, A223 = E-/V3, 

The parameter / in (1) is determined by the weak decay widths of the charged 
pions and kaons properly corrected for chiral SU(3) effects. Taking the average 
of the empirical decay parameters = 92.42±0.33 MeV and fx — 113. 0± 1.3 
McV [39] one obtains the naive estimate / ~ 104 McV. This value is still within 
reach of the more detailed analysis [40] which lead to /,r// = 1-07 ± 0.12. As 
emphasized in [41], the precise value of / is subject to large uncertainties. 

Explicit chiral symmetry-breaking effects are included in terms of scalar and 
pseudo-scalar source fields x± proportional to the quark-mass matrix of QCD 



S7a/3, A333 = q-, 

S-/V3, 



(2) 




where Xo ^ diag(m„, m^, m^). All fields in (1) and (3) have identical prop- 
erties under chiral SU (3) transformations. The chiral Lagrangian consists of 
all possible interaction terms, formed with the fields C/^, B, A^, B* and x± 
and their respective covariant derivatives. Derivatives of the fields must be 
included in compliance with the chiral SU{3) symmetry. This leads to the 
notion of a covariant derivative which is identical for all fields in (1) and 
(3). For example, it acts on the baryon octet field as 



e-' ^ (a^ ^) + e+' ^ (^^ e"* ^) , B 



+ 



(4) 



The chiral Lagrangian is a powerful tool once it is combined with appropriate 
power counting rules leading to a systematic approximation strategy. One aims 
at describing hadronic interactions at low-energy by constructing an expansion 
in small momenta and the small pseudo-scalar meson masses. The infinite set 
of Feynman diagrams are sorted according to their chiral powers. The minimal 
chiral power Q'^ of a given relativistic Feynman diagram. 



u = 2-lEB + 2L + Y,Vi(di + lni-2) , (5) 

i 

is given in terms of the number of loops, L, the number, V^, of vertices of type 
i with di 'small' derivatives and rii baryon fields involved, and the number of 
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external baryon lines Eb [42]. Here one calls a derivative small if it acts on 
the pseudo-scalar meson field or if it probes the virtiiahty of a baryon field. 
Explicit chiral symmetry- breaking effects are perturbative and included in the 
counting scheme with Xo ^ Q^- For a discussion of the relativistic chiral La- 
grangian and its required systematic regrouping of interaction terms we refer 
to [26] . We will encounter explicit examples of this regrouping later. The rel- 
ativistic chiral Lagrangian requires a non-standard renormalization scheme. 
The MS or MS minimal subtraction schemes of dimensional regularization 
do not comply with the chiral counting rule [28]. However, an appropriately 
modified subtraction scheme for relativistic Feynman diagrams leads to man- 
ifest chiral counting rules [25-27]. Alternatively one may work with the chi- 
ral Lagrangian in its heavy-fermion representation [43] where an appropriate 
frame-dependent redefinition of the baryon fields leads to a more immediate 
manifestation of the chiral power counting rule (5). We will return to this issue 
in section 3.1 where we propose a simple modification of the MS'-scheme which 
leads to consistency with (5). Further subtleties of the chiral power counting 
rule (5) caused by the inclusion of an explicit baryon resonance field 5* are 
addressed in section 4.1 when discussing the u-channel resonance exchange 
contributions. 

In the ttN sector, the SU{2) chiral Lagrangian was successfully applied [28,29] 
demonstrating good convergence properties of the perturbative chiral expan- 
sion. In the SU{3) sector, the situation is more involved due in part to the 
relatively large kaon mass ttik — 171^/2. The perturbative evaluation of the 
chiral Lagrangian cannot be justified and one must change the expansion strat- 
egy. Rather than expanding directly the scattering amplitude one may expand 
the interaction kernel according to chiral power counting rules [42,44]. The 
scattering amplitude then follows from the solution of a scattering equation 
like the Lipmann-Schwinger or the Bethe-Salpeter equation. This is analo- 
gous to the treatment of the e+e" bound-state problem of QED where a 
perturbative evaluation of the interaction kernel can be justified. The rational 
behind this change of scheme lies in the observation that reducible diagrams 
are typically enhanced close to their unitarity threshold. The enhancement 
factor (27r)", measured relative to a reducible diagram with the same num- 
ber of independent loop integrations, is given by the number, n, of reducible 
meson-baryon pairs in the diagram, i.e. the number of unitary iterations im- 
plicit in the diagram. In the vrA^ sector this enhancement factor does not 
prohibit a perturbative treatment, because the typical expansion parameter 
m^/(87r/^) ~ 0.1 remains sufficiently small. In the sector, on the other 
hand, the factor (27r)" invalidates a perturbative treatment, because the typ- 
ical expansion parameter would be mj^ / {Sir ~ 1. This is in contrast to 
irreducible diagrams. They yield the typical expansion parameters 771^^/ {An /) 
and rriK /{An f ) which justifies the perturbative evaluation of the scattering 
kernels. We will return to this issue later and discuss this phenomena in terms 
of the Weinberg- Tomozawa interaction in more detail. 
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In the next section we will develop the formalism to construct the leading or- 
ders interaction kernel from the relativistic chiral Lagrangian and then to solve 
the Bethe-Salpeter scattering equation. In the remainder of this section, we 
collect all interaction terms needed for the construction of the Bethe-Salpeter 
interaction kernel. We consider all terms of chiral order but only the subset 
of chiral Q^-terms which are leading in the large Nc limit. Loop corrections 
to the Bethe-Salpeter kernel are neglected, because they carry minimal chiral 
order and are l/Nc suppressed. The chiral Lagrangian 



n n 

can be decomposed into terms of different classes C'^"'^ and With an upper 
index n in C^^^ we indicate the number of fields in the interaction vertex. The 
lower index % signals terms with explicit chiral symmetry breaking. We assume 
charge conjugation symmetry and parity invariance in this work. To leading 
chiral order the following interaction terms are required: 



£(2) = tr 5 (i ^ - m[8]) ^ + ^ ^) (-^M *) 

+ tr • ( (i ^ - m[9,) ^'^'^ - i {-fi'd^ + Yd'') +11"^^+ m[9] 7'' 7") Bl 



£(3) = |^tr575 7^[(a^$),i? 



As] 
2/ 



tr5757'^ {.d^^).B 



^ tr { (A, . (9. $)) {g^^ - \ Z[io] 1^ 1^) B + h.c. } 



+ 5^tr ^i?r,tr 



£(4) 



8/ 



'P 



{d,^)(g^''-lZ[,^YY)-f5,B 
(9.$) (g'^''-lZ[,]YY)76,B 



+ h.c.} 
+ h.c. 
-hh.c 



trS7'^ (9^$) 



B 



(7) 



where we use the notations = A B ± B A for SU{3) matrices A and 

B. Note that the complete chiral interaction terms which lead to the terms 
in (7) are easily recovered by replacing i 9^ $// U^. A derivative acting on 
a baryon field in (7) must be understood as the covariant derivative 9^ S — > 
[V^,B]_ and9^A,^ [P^,A,]_ . 

The SU (3) meson and baryon fields are written in terms of their isospin sym- 
metric components 
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V2B^ a^-N{939) + Ag A(1115) + r • E(1195) + S*(1315) ia2-a, 

Qi^ = ^(A4 + iA5,A6 + iA7) , T = (Ai, A2, A3) , (8) 

with the isospin doublet fields K = X°)*, N = (p, n)* and S = (S°, S")*. 
The isospin Pauli matrix (72 acts exclusively in the space of isospin doublet 
fields {KjNjS) and the matrix valued isospin doublet a (see Appendix A). 
For our work we chose the isospin basis, because isospin breaking effects are 
important only in the KN channel. Note that in (8) the numbers in the 
parentheses indicate the approximate mass of the baryon octet fields and (...)* 
means matrix transposition. Analogously we write the baryon resonance field 
B;as 



v^S* = (yf cost? - As sin'i?) A^(1520) + a^-Nf,{lb20) 

+ (^Jl sini? + As cosi?) A^(1690) + r -2^(1670) + S^(1820) i a2-(0) 

where we allow for singlet-octet mixing by means of the mixing angle •& (see 
[38]). The parameters ^[g], ^[9] and mj^^Qj in (7) denote the baryon masses in 
the chiral S'f/(3) limit. Furthermore the products of an anti-decuplet field A 
with a decuplet field A and an octet field $ transform as SU (3) octets 

( A ■ a) " = A,,, A--^ , (a • ^ = e^"' Akn, *r , 

($.A)^ = efe,,<A^-", (10) 

where Cabc is the completely anti-symmetric pseudo-tensor. For the isospin 
decomposition of A • A, A • $ and $ • A we refer to Appendix A. 

The parameters F[8] ~ 0.45 and Z}[g] ~ 0.80 arc constrained by the weak decay 
widths of the baryon octet states [45] (see also Tab. 1) and C[io] ~ 1.6 can be 
estimated from the hadronic decay width of the baryon decuplet states. The 
parameter Z[io] in (7) may be best determined in an SU (3) analysis of meson- 
baryon scattering. While in the pion-micleon sector it can be absorbed into 
the quasi-local 4-point interaction terms to chiral accuracy [46] (see also 
Appendix H), this is no longer possible if the scheme is extended to 5^/(3). 
Our detailed analysis reveals that the parameter Z^ioj is relevant already at 
order Q"^ if a simultaneous chiral analysis of the pion-nucleon and kaon-nucleon 
scattering processes is performed. The resonance parameters may be estimated 
by an update of the analysis [38]. That leads to the values -Fjg] ~ 1.8, D[9] ~ 
0.84 and C[9] ~ 2.5. The singlet-octet mixing angle d ~ 28° confirms the 
finding of [37] that the A(1520) resonance is predominantly a fiavor singlet 
state. The value for the background parameter Zjg] of the J^— | resonance 
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is expected to be rather model dependent, because it is unclear so far how to 
incorporate the J^= | resonance in a controlled approximation scheme. As 
will be explained in detail Zjg] will drop out completely in our scheme (see 
sections 4.1-4.2). 



2.1 Large counting 



In this section we briefly recall a powerful expansion strategy which follows 
from QCD if the numbers of colors {Nc) is considered as a large number. We 
present a formulation best suited for an application in the chiral Lagrangian 
leading to a significant parameter reduction. The large Nc scaling of a chiral 
interaction term is easily worked out by using the operator analysis proposed 
in [48]. Interaction terms involving baryon fields are represented by matrix 
elements of many-body operators in the large Nf. ground-state baryon multi- 
plct \B). A n-body operator is the product of n factors formed cxchisivcly in 
terms of the bilinear quark-field operators Ji,Gl"'^ and T^^-K These operators 
are characterized fully by their commutation relations, 



[T^<^),Gf^]_^ir\Gf\ [J,,Gf]_ = ie,/Gi"\ [J, , = (11) 

The algebra (11), which refelcts the so-called contracted spin-flavor symmetry 
of QCD, leads to a transparent derivation of the many sum rules implied by 
the various infinite subclasses of QCD quark-gluon diagrams as collected to a 
given order in the 1/A^c expansion. A convenient realization of the algebra (11) 
is obtained in terms of non-relativistic, fiavor-triplet and color A^c-^iultiplet 
field operators q and 





(12) 

If the fermionic field operators q and q^ are assigned anti-commutation rules, 
the algebra (11) follows. The Pauli spin matrices a^f* act on the two-component 
spinors of the fermion fields q. q^ and the Gell-Mann matrices on their fiavor 
components. Here one needs to emphasize that the non-relativistic quark-field 
operators q and q^ should not be identified with the quark-field operators 
of the QCD Lagrangian [32-34]. Rather, they constitute an effective tool to 
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represent the operator algebra (11) which allows for an efficient derivation of 
the large A*",, sum rules of QCD. A systematic truncation scheme results in 
the operator analysis, because a n-body operator is assigned the suppression 
factor A^c~"- analysis is complicated by the fact that matrix elements of 
T^"-^ and may be of order Nc in the baryon ground state \B). That implies 
for instance that matrix elements of the (2n+l)-body operator (TaT("))"T'('^) 
are not suppressed relative to the matrix elements of the one-body operator 
T'^'^\ The systematic large Nc operator analysis relies on the observation that 
matrix elements of the spin operator J,, on the other hand, are always of order 
N^. Then a set of identities shows how to systematically represent the infinite 
set of many-body operators, which one may write down to a given order in 
the 1/Nc expansion, in terms of a finite number of operators. This leads to 
a convenient scheme with only a finite number of operators to a given order 
[48] . We recall typical examples of the required operator identities 

[r„, T('^)]+ - [J„ J»]+ = I Nc {Nc + 6) , [Ta , = i (3 + N^) Ji , 

27 [T„ T^^^U - 12 [Gf \ = 32 [J„ J«]+ , 

dabc [T^^l T^'^U - 2 [Ji, = -i {Nc + 3)Tc, 

dj gW = I [J„ T^^^U - I eij, U [Ci^'^ , ■ (13) 

For instance the first identity in (13) shows how to avoid the infinite tower 
(TaT('*))"r('^) discussed above. Note that the 'parameter' Nc enters in (13) as 
a mean to classify the possible realizations of the algebra (11). 

As a first and simple example we recall the large Nc structure of the 3-point 
vertices. One readily establishes two operators with parameters g and h to 
leading order in the 1/A^c expansion [48]: 

= i(i3'|^Gf) + /iJ.T(^)|i3)tr AcV«$ + c(-J-) . (14) 
J V-'Vc/ 

Further possible terms in (14) are either redundant or suppressed in the 1/A^c 
expansion. For example, the two-body operator i fabc Gf^ T^^^ ~ N^ is reduced 
by applying the relation 



ah 



In order to make use of the large Nc result, it is necessary to evaluate the 
matrix elements in (14) at Ai'c = 3 where one has a 56-plet with \B) = 
\B{a), A{ijk)). Most economically this is achieved with the completeness iden- 
tity 1 = + |A)(A| in conjunction with 
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T, \B,{x)) =^fatc \B^'\x)) , J^"^ \Baix)) = 2 4xl^«(x')) , 

+ vfe (^/' a2) 4'>^'"^'^nx')) , (15) 

where Si = 5ij - Ui Oj/?, and = § 5ah + (i fabc + 4fec) A^''^ In (15) the 
baryon octet states \Bi,{x)) ^'^^ labelled according to their SU{3) octet index 
a = 1, ...,8 with the two spin states represented by x = li2. Similarly the 
decuplet states \Aimnix')) ^-^^^ listed with l,m,n = 1,2,3 as defined in (2). 
Note that the expressions (15) may be verified using the quark-model wave 
functions for the baryon octet and decuplet states. The result (15) is however 
much more general than the quark- model, because it follows from the structure 
of the ground-state baryons in the large Nc limit of QCD only. Matching the 
interaction vertices of the relativistic chiral Lagrangian onto the static matrix 
elements arising in the large operator analysis requires a non-relativistic 
reduction. It is standard to decompose the 4-component Dirac fields B and 
into baryon octet and decuplet spinor fields B{x) and A(x): 



1 

' {b{x),s,a 



l + ^/l + 



V2 

M2 



(16) 



where M denotes the baryon octet and decuplet mass in the large limit. To 
leading order one finds = {0, Si) with the transition matrices Si introduced 
in (15). It is then straightforward to expand in powers of V/M and achieve 
the desired matching. This leads for example to the identification D^^] — g, 
F[8] = 2g/3 + h and C[io] = S^f. The empirical values of F[8],L>[8] and C[io] 
are quite consistent with those large Nc sum rules [47]. Note that operators at 
subleading order in (14) then parameterize the deviation from C[io] — 2D^g^. 



2.2 Quasi-local interaction terms 



We turn to the two-body interaction terms at chiral order Q^. Prom phase 
space consideration it is evident that to this order there are only terms which 
contribute to the meson-baryon s-wave scattering lengths, the s-wave effective 
range parameters and the p-wave scattering volumes. Higher partial waves are 
not affected to this order. The various contributions are regrouped according 
to their scalar, vector or tensor nature as 



(17) 



11 



where the lower index k in Oj^' denotes the minimal chiral order of the inter- 
action vertex. In the relativistic framework one observes mixing of the partial 
waves in the sense that for instance C^^\C^^^ contribute to the s-wave chan- 
nels and C^^\ C^^^ to the p-wave channels. We write 



{S) _ (S) 

= ^tTBBtr + tr E (9^$) tr (9^$) B 

°J 



8/2 



B 



{S) 

+ 16/2 



B 



£W ^^(trBi^ (d^B) tr (9,$) (9^$) + h.c. 



16/ 

(v) 
9i 



+ iL_trBir ((9^^) tr (9,$) (d'^B) + (9,$) tr (9^$) (d'^B) + h.c.) 



9f 



(V) 



32f 



(tr S i [ [(5^$) , (9,$)] , _ + h.c.) 



(v) 

+ ^{trBir[[{d,^),{d.^)]^,id''B)]^ + h.c.), 



9i 



(T) 



8/^ 



tTB{d^<^)ia'"'tr {d^^) B 



(T) 

+ ^trBza- 

(T) 



B 



+ 



(18) 



It is clear that if the heavy-baryon expansion is applied to (18) the quasi-local 
4-point interactions can be mapped onto corresponding terms of the heavy- 
baryon formalism presented for example in [49]. Inherent in the relativistic 
scheme is the presence of redundant interaction terms which requires that 
a systematic regrouping of the interaction terms is performed. This will be 
discussed below in more detail when introducing the quasi-local counter terms 
at chiral order Q^. 



We apply the large Nc counting rules in order to estimate the relative impor- 
tance of the quasi-local Q^-terms in (18). Terms which involve a single-flavor 
trace are enhanced as compared to the double-flavor trace terms. This is be- 
cause a flavor trace in an interaction term is necessarily accompanied by a 
corresponding color trace if visualized in terms of quark and gluon lines. A 
color trace signals a quark loop and therefore provides the announced 1/Nc 
suppression factor [23,24]. The counting rules are nevertheless subtle, because 
a certain combination of double trace expressions can be rewritten in terms 
of a single-flavor trace term [50] 
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tr (SS) tr +2tr (5$) tr 

3 



tr 



5,$ 5,$ 



tiB 



5 



(19) 



Thus one expects for example that both parameters glf"* and gi'' may be large 
separately but the combination 2 g^^^ — "^^"^ 
operator analysis leads to 



gl ' should be small. A more detailed 



(i3'|4'^ \B) = ^ {B'\ 0,,{g„g,) \B) tr [(9,$), A^'^)]. [(9'^$), A^")]. 

^— {B'\ Oa,igs, g,) \B) tr [(9o$), A(«)]_ [(9o$), A(^)]_ 



+ 



16/ 

+ 1^ (^'1 0S\^5,^6) |S)tr[(V.*), A^'^)]- [(V,*), A(^)]_ , 

Oab{g, h) = g dabc T^"^ + h[T,,T,]+ + , 

{g,h)^i e'i^ i Uo {g Gf + hJ, tW) + (^) • (20) 

We checked that other forms for the coupling of the operators Oab to the 
meson fields do not lead to new structures. It is straight forward to match the 
coupling constants (/i...,6 onto those of (18). Identifying the leading terms in 
the non-rclativistic expansion, we obtain: 



JS) _ 1 (S) _ 2 (S) _ (S) _ o „ 

9o ~2 —'^9d—~^92: Qf —~^9i^ 

AV) _ 1 (V) _ 2 (V) _n9± (V) __o93_ 

9^-0, g?'^-g.-lge, gS'^-g., (21) 

where M is the large Nc value of the baryon octet mass. We conclude that to 
chiral order there are only six leading large Nc coupling constants. 

We turn to the quasi- local counter terms to chiral order Q^. It is instructive 
to discuss first a set of redundant interaction terms: 



^(1) 

= ^ tr (d^'B) (d^B) tr (9^$) (9^$) 
+ tr (d^B) (9.$) tr (d,^) {d^B) 
+ tr (d^B) {d, $) tr (d^^) (d^B) , 
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+ 



H 



(1) 

D 



16/2 



(22) 



Performing the non-relativistic expansion of (22) one finds that the leading 
moment is of chiral order Q^. Formally the terms in (22) are transformed 
into terms of subleading order Q'^ by subtracting C^^^ of (18) with (yf*-^^ = 
h^^\ Bearing this in mind the terms (22) define particular interaction 



m 



[8] 

vertices of chiral order Q^. Note that in analogy to (20) and (21) we expect 
the coupling constants h!p^ and with hi^ — 2hQ'^ — Ah^ /3 to be leading 
in the large Nf. limit. A complete collection of counter terms of chiral order 
is presented in Appendix B. Including the four terms in (22) we find ten 
independent interaction terms which all contribute exclusively to the s- and 

(2) (3) 

p-wave channels. Here we present the two additional terms with hp and hp' 
which are leading in the large Nc expansion: 



,(2) 



32/2 

(3) 
F 

16/2 



h 



trSi7° \[{dad^^),{d''^)]_,B 



+ h.c 



(23) 



The interaction vertices in (23) can be mapped onto corresponding static 
matrix elements of the large operator analysis: 



(B'|4'^|B) = {B'lifabcT^^^ \B) d, (tr [(9o$), A('^)]_ [{d^^), X^'^U) 



16/ 



16 r 



{B'\iUcT^^^ \B) tr [(^0 a^*), A(»)]_ [{d^^), X^'^ , (24) 



where h 



(2) 



/i2 and hp^ 



hs- We summarize our result for the quasi-local 



chiral interaction vertices of order Q^: at leading order the l/iVg expansion 
leads to four relevant parameters only. Also one should stress that the SU (3) 
structure of the terms as they contribute to the s- and p-wave channels 
differ from the SU (3) structure of the terms. For instance the g^^^ coupling 
constants contribute to the p-wave channels with four independent SU (3) ten- 
sors. In contrast, at order the parameters hp^ and hp\ which are in fact the 
only parameters contribution to the p-wave channels to this order, contribute 
with a different and independent SU (3) tensor. This is to be compared with 
the static SU{3) prediction that leads to six independent tensors: 



8 8 = 1 e 85 © 8a ® 10 e 10 e 27 



(25) 
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Part of the predictive power of the chiral Lagrangian results, becaiise chiral 
SU (3) symmetry selects certain subsets of all SU (3) symmetric tensors at a 
given chiral order. 



2.3 Explicit chiral symmetry breaking 



There remain the interaction terms proportional to x± which break the chiral 
SU{3) symmetry explicitly. We collect here all relevant terms of chiral order 
[28,19] and [51]. It is convenient to visualize the symmetry-breaking 
fields x± of (3) in their expanded forms: 



X+ = Xo - 



We begin with the 2-point interaction vertices which all follow exclusively from 
chiral interaction terms linear in x+- They read 



1 



42) = -±tr$ 



Xo, $J ^ + 2 tr S l^bD [Xo, B\^ + bF [Xo, B\_ + boBtT Xo 
-|-2dDtr(A^- A^) xo + 2rfotr (A^ ■ A'') trxo 
+ trB{t^- m[3]) (Co 5 tr Xo + Co [B, Xo]+ + Cf[B, Xo] 



Xo = ^ (m^ + 2 m^) 1 + ("^^ - ^k) , 



(27) 



where we normalized Xo to give the pseudo-scalar mesons their isospin aver- 
aged masses. The first term in (27) leads to the finite masses of the pseudo- 
scalar mesons. Note that to chiral order one has rri^ = A{m\^ — ml)/ 3. 
The parameters bo, bp, and dr) are determined to leading order by the baryon 
octet and decuplet mass splitting 



m 



[8] 



m 



(A) 
[8] 



bo {rn\ - ml) , 



(S) (A) 
"^[10] "^[10] 



16 
3 



"^[8] "^[10] 



(S) _ (AT) 



-8 bp {m\ - ml) , 



"^[10] "^[10] 



-Uniml-ml). (28) 



The empirical baryon masses lead to the estimates b^ ~ 0.06 GeV~^, bp ~ 
—0.21 GeV~^, and do — —0.49 GeV~^. For completeness we recall the leading 
large Nc operators for the baryon mass splitting (see e.g. [47]): 



(B'|42)|-B) = {B'\ bi T^s) + b2 [/'\ g\% \B) + O 
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362 ^3 261 + 62 

— T-z 2 9 ' Of — — 2 9 > 

lb — lb mj^ — 



3^/3 61 + 2 62 



do^ ^ —2 ^ , (29) 

8 mir — mi 



where we matched the symmetry- breaking parts with Xg. One observes that 
the empirical values for bo + bp and do are remarkably consistent with the 
large Nc sum rule bo + bp — |c?d- The parameters 60 and do are more difficult 
to access. They determine the deviation of the octet and decuplet baryon 
masses from their chiral SU (3) limit values rh^g^ and rh^iQj : 



m[^^ = m[8] - 2 (60 + 2 bp) - Am\; (60 + 6d - hp) , 

'^[10] = '^[lo] - 2 m^(do + rfo) - 4 do , (30) 

where terms of chiral order Q^' arc neglected. The size of the parameter 60 is 
commonly encoded into the pion-nucleon sigma term 

a^N = -2 ml {bo + bp + 2bo) + (Q^) . (31) 



Note that the former standard value ct^at = (45 ± 8) MeV of [52] is currently 
under debate [53]. 

The parameters Co, Cd and (p are required to cancel a divergent term in the 
baryon wave-function renormalization as it follows from the one loop self- 
energy correction or equivalently the unitarization of the s-channel baryon 
exchange term. It will be demonstrated explicitly that within our approxima- 
tion they will not have any observable effect. They lead to a renormalization 
of the three-point vertices only, which can be accounted for by a redefinition 
of the parameters in (33). Thus one may simply drop these interaction terms. 

The predictive power of the chiral Lagrangian lies in part in the strong cor- 
relation of vertices of different degrees as implied by the non-linear fields Ufj, 
and x±- A powerful example is given by the two-point vertices introduced in 
(27) . Since they result from chiral interaction terms linear in the x+-field (see 
(26)), they induce particular meson-octet baryon-octet interaction vertices: 



4'^ = tr 5 [[$, {d, $)] _, Co Btrxo + Cd [B, Xo]+ + Cf [B, Xo]- 



16/2 

1 



tr 



CoBtrxo + CD[B,Xo]+ + CF[B,xoU ^,(9,^) B 



4f 



trS bo 



*,Xo 



+■ 



B 



+ 



+ 



+ bp 



*,Xo 



+ ' 



B 
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4/^ 



trBBtr 



(32) 



To chiral order there are no further four-point interaction terms with ex- 
phcit chiral symmetry breaking. 

We turn to the three-point vertices with exphcit chiral symmetry breaking. 
Here the chiral Lagrangian permits two types of interaction terms written as 
= £^^ + -|-£^^L. In we collect 16 axial- vector terms, which result form 
chiral interaction terms linear in the x+ field (see (26)), with a priori unknown 
coupling constants Fo,..,9 and Co,.. .,5, 



4% = f^trS75 7'^ 

+ ^tr575 7^ 
+ ^trS75 7'^ 
+ ^trS75 7'^ 





Xo,B 




Xo,B 




J+h.c 






+ ^3 


XO:B 




) +h.c 



Xo,{d,<^>) 



B 



+ 



Xo, {d, $) 



B 



B tr (xo {d^ ^)) + {d^ $) tr (xo b)) + h.c. 
{d^ $) , S] ^ tr Xo + [ {d^ ^):B]_ tr Xo) 
^ tr {Co (A^ • [xo, {d^ $)] ^ + C^ (A, ■ [xo, {d, $)] _) B + h.c. | 



^tr {(A,-(a,$)) {C, 



XO:B , +C3 Xo,5 +h.c. 



-^tr{(A,-xo) P,$),S]_+h.c.} 



2/ 

Q 



-^tr {(A^-(6'^$))5 + h.c.}tr Xo. 



(33) 



(3) 

Similarly in C-^'- we collect the remaining terms which result from chiral 
interaction terms linear in X-- There are three pseudo-scalar interaction terms 
with F4 5 6 and four additional terms parameterized by and SCq 



2 i 75 mjg] F4 


Xo, * 


^ + 75 7''(5F4 


Xo, {d^ $) ■ 




2 i 75 m[8] F5 


Xo, * 


+ 75 7^" ^^5 


Xo,(a^*)^ 





+ 



+ tr S (2 i 75 m[8] tr (xo ^) + 75 7^^ <^^6 tr (xo {d^ ^)))b 



2/ 
2/ 



tr (A^- [xo,(9^$)]_^S + h.c.) 



(34) 
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We point out that, while the parameters Fi and Cj contribute to matrix el- 
ements of the SU{3) axial- vector current A^, none of the terms of (34) con- 
tribute. This follows once the external axial- vector current is restored. In (33) 
this is achieved with the replacement 9^ — > $a-|-2 / (see (1)). Though 
it is obvious that the pseudo-scalar terms in (34) proportional to do not 
contribute to the axial- vector current, it is less immediate that the terms pro- 
portional to 6Fi and 6Ci also do not contribute. Moreover, the latter terms 
appear redundant, because terms with identical structure at the 3-point level 
are already listed in (34). Here one needs to realize that the terms proportional 
to 5Fi and 5Ci result from chiral interaction terms linear in while 
the terms proportional to F^, Ci result from chiral interaction terms linear in 
U,. 

The pseudo-scalar parameters Fj and also SFi lead to a tree-level Goldberger- 
Treiman discrepancy. For instance, we have 

/ 9nNN -gAmN = 2mN ml (F4 + 5F^ + + SF^) + O {q') , (35) 

where we introduced the pion-nucleon coupling constant g^^NN and the axial- 
vector coupling constant of the nucleon qa- The corresponding generalized 
Goldberger-Treiman discrepancies for the remaining axial-vector coupling con- 
stants of the baryon octet states follow easily from the replacement rule 
^ Fj + Fj + 5Fi for i = 4,5,6 (see also [54]). We emphasize that (35) 
must not be confronted directly with the Goldberger-Treiman discrepancy as 
discussed in [55,56,54], because it necessarily involves the SU{3) parameter / 
rather than ~ 92 MeV or /^^ ~ 113 MeV. 

The effect of the axial-vector interaction terms in (33) is twofold. First, they 
lead to renormalized values of the F[s],D[s] and C[io] parameters in (7). Sec- 
ondly they induce interesting SU{3) symmetry-breaking effects which are pro- 
portional to (m^ — m^) Ag. Note that the renormalization of the F[8], D[s] and 
C[io] parameters requires care, because it is necessary to discriminate between 
the renormalization of the axial-vector current and the one of the meson- 
baryon coupling constants. We introduce Fr, Dr and Cr as they enter matrix 
elements of the axial- vector current : 

Fr = F[8] + {ml + 2m^) (f, + | (F2 + F5)) , 
Dr = D[s] + (ml + 2ml) (Fg + f (Fq + F4)) , 

Cr = qio] + {ml + 2 ml) (Cg + § (Co + C2)) , (36) 

and the renormalized parameters F^ p, Da,p and Ca as they are relevant for 
the meson-baryon 3-point vertices: 
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{ml + 2ml) 5F, , Da^Dr + 1 {ml + 2m^) SF^ , 
Fp^l{ml + 2mj,)F5 , Dp ^ j {ml + 2mj,) F4 , 
CA^CR+l{ml + 2 ml) SCo . (37) 

The index A or P indicates whether the meson couples to the baryon via 
an axial- vector vertex (A) or a pseudo-scalar vertex (P). It is clear that the 
effects of (36) and (37) break the chiral symmetry but do not break the SU (3) 
symmetry. In this work we will use the renormalized parameters Fr, Dr and 
Cr. One can always choose the parameters Fs,Fg and C5 as to obtain Fr = 
F[s], Dr = D[s] and Cr = C[io]. In order to distinguish the renormalized values 
from their bare values one needs to determine the parameters Fg, Fg and C5 
by investigating higher-point Green functions. This is beyond the scope of this 
work. 

The number of parameters inducing SU{3) symmetry-breaking effects can 
be reduced significantly by the large Nc analysis. We recall the five leading 
operators presented in [48] 



{B'\ \B) = i (B'l 0'f\c)\B) tr A„ V« $ + 4 {B'\ 0'f\c)\B) Af , 

Oi"^ (c) = ci id'\ Gf^ + \5^'Ji) + C2 {d\ J, T(^) + J,) 

+ C3 T(8)]+ + C4 [T('^), Gf )]+ + C5 [J^ [T^'\ )]_]_ (38) 

It is important to observe that the parameters q and q are a priori indepen- 
dent. They are correlated by the chiral SU{3) symmetry only. With (15) it is 
straightforward to map the interaction terms (38), which all break the SU{3) 
symmetry linearly, onto the chiral vertices of (33) and (34). This procedure 
relates the parameters q and Cj. One finds that the matching is possible for all 
operators leaving only ten independent parameters q, Ci 2, Ci 2 and a, rather 
than the twenty-three Fj, Ci and 6Fi,SCi and F^ parameters in (33,34). We 
derive q = Cj for i = 3, 4, 5 and 



p _ \/3 C3 p _ ^3 C4 1_ C3 + C4 



2 mj^ — ml ' 2 mj^ — ml ' mj^ — ml 

\/3 ci ^ \/3 I ci C2 _ V3 I ci + C2 



ml: - 


ml 


Cl 




- 


ml 


Cl 




m\- 


ml 


C3 




m^- 


ml 



"^4 . 9 9 ) -^5 A 9 9 ) -^6 r\ 2 9 ' 

4 mj^ — m^ 2 mj^ — m^ 

^ _ \/3 Cl _ \/3 C3 - C4 3 C5 

^' ^^-"1" m\-ml ' 

g3 = -V3 C4 = -\/3 Fo,7 = G2,5 = 0, (39) 



and 
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Table 1 

Axial-vector coupling constants for the weak decay processes of the baryon octet 
states. The empirical values for are taken from [57]. Here we do not consider 
SU{3) symmetry-breaking effects of the vector current. The last seven columns give 
the coefficients of the axial- vector coupling constants decomposed into the Fr, 
Dpt and Cj parameters. 
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Vs 5ci 
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a/3 I Cl ± C2 ± a 



K 
Cl - 
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mt 



5F, = -— 3 



a/3 1 5ci ± 5c2 — a 



m 



K 



mt 



5Fa 



6ci 



a/3 1 5ci ± 5c2 - 



m 



K 



mt 



C?; Cj Ci 



(40) 



In (40) the pseudo-scalar parameters -^4,5,6 are expressed in terms of the more 
convenient dimension less parameters Ci^2 and a. Here we insist that an ex- 
pansion analogous to (38) holds also for the pseudo-scalar vertices in (34). 



The analysis of [57], which considers constraints from the weak decay processes 
of the baryon octet states and the strong decay widths of the decuplet states, 
obtains C2 — —0.15 and C3 ~ 0.09 but finds values of ci and C4 which are 
compatible with zeroQ. In Tab. (1) we reproduce the axial- vector coupling 
constants as given in [57] relevant for the various baryon octet weak-decay 
processes. Besides Ca + 2ci/a/3, the empirical strong-decay widths of the 
decuplet states constrain the parameters C3 and C4 only, as is evident from the 
expressions for the decuplet widths 



^ The parameters of [57] are obtained with Cj — \/3ci/2 and a = Dr ± (ci ± 
3c3)/\/3 and h = Fr — 2a/3 ± (2ci/3 ± C2 ± 2c3 ± C4)/\/3. Note that the analysis 
of [57] does not determine the parameter C5. 
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^[10] 



mjv + En vIn 



2nP 12 



(C^ + ^(ci + 3c3))', 



7 



37r/2 24m 



[10] 



(Ca + ^(5i + 6c4 



[10] 



ms + Es pIs 



2 7r/2 24 m^' 



B)" (^^ + (ci - 3 C3 + 3 C4 



[10] 



(41) 



where for example niA = yn^jf+pl^ + ^^uiI+pIn and E'iv = 
For instance, the values Ca + 2ci/-\/3 ~ 1.7, C3 ~ 0.09 and C4 ~ 0.0 to- 
gether with / ~ ^ 93 MeV lead to isospin averaged partial decay widths 
of the decuplet states which are compatible with the present day empirical 
estimates. It is clear that the six data points for the baryon octet decays can 
be reproduced by a suitable adjustment of the six parameters Fr, Dr and 
Ci,2,3,4- The non-trivial issue is to what extent the explicit SU{3) symmetry- 
breaking pattern in the axial-vector coupling constants is consistent with the 
symmetry-breaking pattern in the meson-baryon coupling constants. Here a 
possible strong energy dependence of the decuplet self-energies may invalidate 
the use of the simple expressions (41). A more direct comparison with the 
meson-baryon scattering data may be required. 

Finally we wish to mention an implicit assumption one relies on if Tab. 1 
is applied. In a strict chiral expansion the effects included in that table 
are incomplete, because there are various one-loop diagrams which are not 
considered but carry chiral order also. However, in a combined chiral and 
1/Nc expansion it is natural to neglect such loop effects, because they are 
suppressed by l/iVg. This is immediate with the large scaling rules 
and / ~ [23,24] together with the fact that the one-loop effects arc 

proportional to m|-^^/(47r /^) [58]. On the other hand, it is evident from (14) 
and (38) that the SU{3) symmetry-breaking contributions are not necessarily 
suppressed by l/Nc- Our approach differs from previous calculations [58-61] 
where emphasis was put on the one-loop corrections of the axial-vector current 
rather than the quasi-local counter terms which were not considered. It is 
clear that part of the one-loop effects, in particular their renormalization scale 
dependence, can be absorbed into the counter terms considered in this work. 

We will return to the large Nc counting issue when discussing the approximate 
scattering kernel and also when presenting our final set of parameters, obtained 
from a fit to the data set. 
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3 Relativistic meson-beiryon scattering 



In this section we prepare the ground for our relativistic coupled-channel ef- 
fective field theory of meson-baryon scattering. We first develop the formal- 
ism for the case of elastic nN scattering for simplicity. The next section is 
devoted to the inclusion of inelastic channels which leads to the coupled- 
channel approach. Our approach is based on an 'old' idea present in the lit- 
erature for many decades. One aims at reducing the complexity of the rela- 
tivistic Bethe-Salpeter equation by a suitable reduction scheme constrained 
to preserve the relativistic unitarity cuts [62-64]. A famous example is the 
Blankenbecler-Sugar scheme [62] which reduces the Bethe-Salpeter equation 
to a 3-dimensional integral equation. For a beautiful variant developed for 
pion-nucleon scattering see the work by Gross and Surya [63]. In our work we 
derive a scheme which is more suitable for the relativistic chiral Lagrangian. 
We do not attempt to establish a numerical solution of the four dimensional 
Bethe-Salpeter equation based on phenomcnological form factors and interac- 
tion kernels [65]. The merit of the chiral Lagrangian is that a major part of 
the complexity is already eliminated by having reduced non-local interactions 
to 'quasi' local interactions involving a finite number of derivatives only. Our 
scheme is therefore constructed to be particularly transparent and efficient for 
the typical case of 'quasi' local interaction terms. In the course of developing 
our approach we suggest a modified subtraction scheme within dimensional 
regularization, which complies manifestly with the chiral counting rule (5). 

Consider the on-shell pion-nucleon scattering amplitude 



{-K^q) N{p) I T \7:^{q) N{p)) = (27r)^ 5^(0) u{p) T%^,^{q,P; q,p) u{p) , (42) 



where ^"^(0) guarantees energy- momentum conservation and u{p) is the nu- 
cleon isospin-doublet spinor. In quantum field theory the scattering amplitude 
T^at-^ttAt follows as the solution of the Bethe-Salpeter matrix equation 



in terms of the Bethe-Salpeter kernel K(k, k; w) to be specified later, the 
nucleon propagator Sn{p) = 1/ {"^—rriN+ie) and the pion propagator Dj^i^q) = 
1/ {(f — m^ + i e). Self energy corrections in the propagators are suppressed and 
therefore not considered in this work. We introduced convenient kinematics: 



T{k,k;w)^K{k,k;w)+ [ K{k,l;w) G{l;w)T{l,k;w) , 

J (27r) 



G{1; w) = -i SNi^ w + l) D^il w-l), 



(43) 



w ^p + q^p + q, k^^ip-q), k^\{p-q), 



(44) 
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where g, p, q, p are the initial and final pion and nucleon 4-momenta. The 
Bethe-Salpeter equation (43) implements Lorentz invariance and unitarity for 
the two-body scattering process. It involves the ofi:-shell continuation of the on- 
shell scattering amphtude introduced in (42). We recall that only the on-shell 
limit with p^,p^ — > m% and — > carries direct physical information. 
In quantum field theory the off-shell form of the scattering amplitude reflects 
the particular choice of the pion and nucleon interpolating fields chosen in 
the Lagrangian density and therefore can be altered basically at will by a 
redefinition of the fields [66,50]. 

It is convenient to decompose the interaction kernel and the resulting scatter- 
ing amplitude in isospin invariant components 

K,j{k, k;w)^Yl Mk k; w) , T,j{k, k;w)^Yl ^lik k; w) ,(45) 
with the isospin projection matrices PiP ■ For pion-nucleon scattering one has: 



^ij --^^i^j^ ^ij - Oij - -(Tiaj , ^kj -Oii'Pij . (46 j 

The Ansatz (45) decouples the Bethe-Salpeter equation into the two isospin 
channels 7 = 1/2 and 7 = 3/2. 



3. 1 On-shell reduction of the Bethe-Salpeter equation 



For our application it is useful to exploit the ambiguity in the off-shell struc- 
ture and choose a particularly convenient representation. We decompose the 
interaction kernel into an 'on-shell irreducible' part K and 'on-shell reducible' 
terms and Kji which vanish if evaluated with on-shell kinematics either in 
the incoming or outgoing channel respectively 



K = K + Kl + K, 
un{p) Kl 

on— shell 



K 



LR 



= KrUn{p) 



on— shell 



(47) 



The term Klr disappears if evaluated with either incoming or outgoing on- 
shell kinematics. Note that the notion of an on-shell irreducible kernel K is not 

unique per se and needs further specifications. The precise definition of our 
particular choice of on-shell irreducibility will be provided when constructing 
our relativistic partial-wave projectors. In this subsection we study the generic 
consequences of decomposing the interaction kernel according to (47). With 
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this decomposition of the interaction kernel the scattering amphtude can be 
written as follows 

T = f-{KL + Klr) ■ (l - G-Ky'-G-{Kn + Klr) - Klr 

+ [Kl + Klr) ■ (l - G-K)'^ + (l - K-GY^^Kr + Klr) , 
f=(l - V-Gy^ -V , (48) 

where we use operator notation with, e.g., T = K + K-G-T representing the 
Bethe-Salpeter equation (43). The effective interaction V in (48) is given by 

V=[K + Kn-G-X)-{l-G-KL- G-Klr-G-X)'' , 

X=[1-{Kr + Klr)-G)~' ■ (k + Kl) (49) 

without any approximations. We point out that the interaction kernels V and 
K are equivalent on-shell by construction. This follows from (48) and (47), 
which predict the equivalence of T and T for on-shell kinematics 



UN (p) Tun{p) = Utv {P) T UN (p) 

on— shell 



on— shell 



As an explicit simple example for the application of the formalism (48,49) 
we consider the s-channel nucleon pole diagram as a particular contribution 
to the interaction kernel K{k,k;w) in (43). In the isospin 1/2 channel its 
contribution evaluated with the pseudo-vector pion-nucleon vertex reads 



KCt, ^ (i^ - P) ^, _ ^ (1^ - ^) . (50) 

where we included a wave-function and mass renormalization AmN{w) for 
later convenience^. We construct the various components of the kernel ac- 
cording to (47) 



K = -———— , Klr = —p^[p-mN)^——[p-mN 

^L = -r-F^ (p-mN) , , Kr = -— [p-mN), 51 



^ The corresponding counter terms in the chiral Lagrangian (27) are linear combi- 
nations of 6o)^D and hp and Co; C-D and Cf- 
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where tun = rri^r +75 Amjv(w) 75. The solution of the Bethe-Salpeter equation 
is derived in two steps. First solve for the auxiliary object X in (49) 



where one encounters the pionic tadpole integrals: 

" J (27rYP-ml + ie' " J (27:)^ P - ml + ie' ^ ' 

properly regularized for space-time dimension d in terms of the renormaliza- 
tion scale fx. Since /^'^ = and Kn • G - {K + Kl) = for our example the 
expression (52) reduces to X = K -\-Kl. The effective potential V{w) and the 
on-shell equivalent scattering amplitude T follow 



V( ]= ^dli^-^Nf ( 3g\U^ -mN \ ^ 
^ ' 4/2 yb + rfiN V 4/2 yb + rfiN J ' 

1 - V{w) J^n{w) 

The divergent loop function J^-jv in (54) defined via K-G-K = K J^jv R may 
be decomposed into scalar master-loop functions I-nNi^fs) and /jv, /tt with 




w2 + m2^ - m2 \ , ^ In - h , 
2w^ y 2w^ 

/i^-'^ 1 



In- 



{2nY /2 - m2 (w - /)2 - m% ' 



{2nYP -m% + ie 



(55) 



where s = w"^. The result (54) gives an explicit example of the powerful for- 
mula (48). The Bethe-Salpeter equation may be solved in two steps. Once the 
effective potential V is evaluated the scattering amplitude T is given in terms 
of the loop function J^jv which is independent on the form of the interaction. 
In section 3.3 we will generalize the result (54) by constructing a complete set 
of covariant projectors which will define our notion of on-shell irreducibility 
explicitly. Before discussing the result (54) in more detail we wish to consider 
the regularization and renormalization scheme required for the relativistic loop 
functions in (55). 
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3.2 Renormalization program 



An important requisite of the chiral Lagrangian is a consistent regularization 
and renormalization scheme for its loop diagrams. The regularization scheme 
should respect all symmetries built into the theory but should also comply with 
the power counting rule (5). The standard MS or MS subtraction scheme of 
dimensional regularization appears inconvenient, because it contradicts stan- 
dard chiral power counting rules if applied to relativistic Feynman diagrams 
[67,68]. We will suggest a modified subtraction scheme for relativistic dia- 
grams, properly regularized in space-time dimensions d, which complies with 
the chiral counting rule (5) manifestly. 

We begin with a discussion of the regularization scheme for the one-loop func- 
tions In and InNiy/s) introduced in (55). One encounters some freedom in 
regularizing and renormalizing those master-loop functions, which are typical 
representatives for all one-loop diagrams. We first recall their well-known prop- 
erties at d = 4. The loop function /7r7v(\/s) is made finite by one subtraction, 
for example at y/s = 0, 



+ 



I ml + ml 



In 1 



s - 2p„N 



mi + m 



N 



2 m2 



m 



m 



N 



2s 



In 



mz 



m 



N , 



P'kN ■ 



mj^ + rri^ 



+ 



[m 



N 



2\2 



4s 



In 



1'p^N^s 



\ m^ + 
+ 1 1 + 4Ar(0) , 



(56) 



One finds Ij^N^mN) — IwNiO) = (47r)~^ + 0{mT^/mM) ~ in confiict with 
the expected minimal chiral power Q. On the other hand the leading chiral 
power of the subtracted loop function complies with the prediction of the 
standard chiral power counting rule (5) with It^n{\/s) — I-n-NifJ's) ~ Q rather 
than the anomalous power (5° provided that //g ~ m^v holds. The anomalous 
contribution is eaten up by the subtraction constant /7rAr(A*5)- This can be 
seen by expanding the loop function 




16 TT^ m^v 



+ hN{lJi's) , (57) 
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in powers of \/s — mjv ~ Q and /xat = i^s ~ ttt-n- Here we introduced the 
approximate phase-space factor (p^^^ — {y/s — mjv)^ — tti^. 

It should be clear from the simple example of I-n-Niy/s) in (56) that a manifest 
realization of the chiral counting rule (5) is closely linked to the subtraction 
scheme implicit in any regularization scheme. A priori it is unclear in which 
way the subtraction constants of various loop functions are related by the 
pertinent symmetries ^ . Dimensional regularization has proven to be an ex- 
tremely powerful tool how to regularize and how to subtract loop functions 
in accordance with all symmetries. Therefore wc recall the expressions for the 
master- loop function In, and and InNiiTiN) as they follow in dimensional 
regularization: 



, r(l - d/2) ( ml ^ 



In — itin — / . NO — I ^ 



(4.)n 4_,+T-l-M4.) + l„(^-fj+0(4-d)j , (58) 

where d is the dimension of space-time and 7 the Euler constant. The expres- 
sion for the pionic tadpole follows by replacing the nucleon mass mjv in (58) 
by the pion mass m^. The merit of dimensional regularization is that one is 
free to subtract all poles at 0? = 4 including any specified finite term with- 
out violating any of the pertinent symmetries. In the MjS'-scheme the pole 
1/(4 — d) is subtracted including the finite part 7 — ln(47r). That leads to 



^N,MS - ^4^^2 I + I „2 ) ) ' ^^MS 





The result (59) confirms the expected chiral power for the pionic tadpole 
I-K Q^- However, a striking disagreement with the chiral counting rule (5) is 
found for the Af S'-subtracted loop functions /^]v ~ and /]v ~ Q^- Recall 
that for the subtracted loop function InNiy/s) — I-KN{niN) ~ Q the expected 
minimal chiral power is manifest (see (57)). It is instructive to trace the source 
of the anomalous chiral powers. By means of the identities 



hN{mN) = ^ + InNitriN) - InN{0) , 



mj^ — m 



( . ml 



(47r)^ 167rmjv \ 8m 



N , 



This aspect was not addressed satisfactorily in [26,27]. 
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(47r)2 \ 2 \m%) ) m% \m% ) 

it appears that once the subtraction scheme is specified for the tadpole terms 
Jtt and In the required subtractions for the remaining master-loop functions 
are unique. In (60) we used the algebraic consistency identity^ 



h- In = {m]^-rnl^I^N{^), (61) 

which holds for any value of the space-time dimension d, and expanded the 
finite expression /jr7v('^Ar) — -^7rAr(0) in powers of mT,/mN at d = 4. The result 
(60) seems to show that one either violates the desired chiral power for the 
nucleonic tadpole, In, or for the loop function It^n{^n)- One may for example 
subtract the pole at c? = 4 including the finite constant 



7 - 1 - ln(47r) + In 



m 



That leads to a vanishing nucleonic tadpole In 0, which would be consistent 
with the expectation In ~ Q^, but we find iT^Nij^N) l/(47r)2 + 0(171^,), 
in disagreement with the expectation I^^Nif^N) ~ Q- This problem can be 
solved if one succeeds in defining a subtraction scheme which acts differently 
on It,n{0) and It,n{^n)- We stress that this is legitimate, because /7rAr(0) 
probes our effective theory outside its applicability domain. Mathematically 
this can be achieved most economically and consistently by subtracting a pole 
in InN{y/s ) aX d = 3 which arises in the limit mT^/niN — 0. To be explicit we 
recall the expression for InN{\/s) at arbitrary space-time dimension d (see eg. 
[25]): 



2 2 2 

C = z^ % --z{\~z)^^{\-zf -ie. 62 

We observe that at = 3 the loop function InN^y/s) is finite at ^/s = but 
infinite at y/s = rriN if one applies the limit m.„/mN —>■ 0. One finds 



) . -L -J- - (,„(4 .) + .„ (4) + ^) 

Sir TTlN d — 6 IbiT niN \ V"^Af / V ^ / 

+ o(^,d-3) . (63) 
\mN J 



Note that (61) leads to a well-behaved loop function JnNiw) at tj; = (see (55)). 
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We are now prepared to introduce a minimal chiral subtraction scheme which 
may be viewed as a simphfied variant of the scheme of Becher and Leutwyler 
in [25] . As usual one first needs to evaluate the contributions to an observable 
quantity at arbitrary space-time dimension d. The result shows poles at c? = 4 
and d = 3 if considered in the non-relativistic limit with mT^/niN 0. Our 
modified subtraction scheme is defined by the replacement rules: 



1 niM 2 . X , / niij \ 

—,-'2^7.' I3I-^-l-H4.) + ln(^]. (64) 

where it is understood that poles at = 3 are isolated in the non-relativistic 
limit with mT^/uii^ — > 0. The d = 4 poles are isolated with the ratio m^/mAr at 
its physical value. The limit d —>■ A is applied after the pole terms are replaced 
according to (64). We emphasize that there are no infrared singularities in 
the residuum of the l/{d — 3)-pole terms. In particular we observe that the 
anomalous subtraction imphed in (64) does not lead to a potentially trouble- 
some pion-mass dependence of the counter terms[^. To make contact with a 
non-relativistic scheme one needs to expand the loop function in powers of 
p/rriN where p represents any external three momentum. 

We collect our results for the loop functions In, In and It,n{^n) as implied 
by the subtraction prescription (64): 




In = 0, 
InNirriN) = 

1 / 1 / \ \ _2 / _4 \ 

(65) 

where the ' ' signals a subtracted loop functions[^. The result shows that 
now the loop functions behave according to their expected minimal chiral 
power (5). Note that the one-loop expressions (65) do no longer depend on 



^ In the scheme of Becher and Leutwyler [25] a pion-mass dependent subtraction 
scheme for the scalar one-loop functions is suggested. To be specific the master- 
loop function InN{y/s) is subtracted by a regular polynomial in s^m^ and of 
infinite order. That may lead to a pion-mass dependence of the counter terms in 
the chiral Lagrangian. In our scheme we subtract only a constant which agrees with 
the non-relativistic limit of the suggested polynomial of Becher and Leutwyler. Our 
subtraction constant does not depend on the pion mass. 

® The renormalized loop function J^Niw) is no longer well-behaved at w = This 
was expected and does not cause any harm, because the point ^/s = is far outside 
the applicability domain of our effective field theory. 
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the renormalization scale /z introduced in dimensional regularizationQ. This 
should not be too surprising, because the renormalization prescription (64) 
has a non-trivial effect on the counter terms of the chiral Lagrangian. The 
prescription (64) defines also a unique subtraction for higher loop functions 
in the same way the M5'-scheme does. The renormalization scale dependence 
will be explicit at the two-loop level, reflecting the presence of so-called overall 
divergences. 

We checked that all scalar one-loop functions, subtracted according to (64), 
comply with their expected minimal chiral power (5). Typically, loop functions 
which are finite at d = 4 are not affected by the subtraction prescription (64). 
Also, loop functions involving pion propagators only do not show singularities 
at (i = 3 and therefore can be related easily to the corresponding loop functions 
of the MS'-scheme. Though it may be tedious to relate the standard MS- 
scheme to our scheme in the nucleon sector, in particular when multi-loop 
diagrams are considered, we assert that we propose a well defined prescription 
for regularizing all divergent loop integrals. A prescription which is far more 
convenient than the MS'-scheme, because it complies manifestly with the chiral 
counting rule (5)[^. 

If we were to perform calculations within standard chiral perturbation the- 
ory in terms of the relativistic chiral Lagrangian we would be all set for any 
computation. However, as advocated before we are heading towards a non- 
perturbative chiral theory. That requires a more elaborate renormalization 
program, because we wish to discriminate carefully reducible and irreducible 
diagrams and sum the reducible diagrams to infinite order. The idea is to 
take over the renormalization program of standard chiral perturbatioon the- 
ory to the interaction kernel. In order to apply the standard perturbative 



^ One may make contact with the non-relativistic so-called PDS-scheme of [69] by 
slightly modifying the replacement rule for the pole at d = 3. With 

hN[mN) -r-a 



d — 3 2tt ^ IQtt rriN \'^n J 

power counting is manifest if one counts n ^ Q. This is completely analogous to 
the PDS-scheme 

^ Note that it is unclear how to generalize our prescription in the presence of two 
massive fields with respective masses mi and m2 and mi ^ m2. For the decuplet 
baryons one may count m^g^ — m^ ~ Q as suggested by large N^. counting arguments 
and therefore start with a common mass for the baryon octet and decuplet states. 
The presence of the i?* field in the chiral Lagrangian does cause a problem. Since 
we include the -B* field only at tree-level in the interaction kernel of pion-nucleon 
and kaon-nucleon scattering, we do not further investigate the possible problems 
in this work. Formally one may avoid such problems all together if one counts 
m[8] — m[9] ~ Q even though this assignment may not be effective. 
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renormalization program for the interaction kernel one has to move all di- 
vergent parts lying in reducible diagrams into the interaction kernel. That 
problem is solved in part by constructing an on-shell equivalent interaction 
kernel according to (47,48,49). It is evident that the 'moving' of divergences 
needs to be controlled by an additional renormalization condition. Any such 
condition imposed should be constructed so as to respect crossing symmetry 
approximatively. While standard chiral perturbation theory leads directly to 
cross symmetric amplitudes at least approximatively, it is not automatically 
so in a resummation scheme. 

Before introducing our general scheme we examine the above issues explicitly 
with the example worked out in detail in the previous section. Taking the s- 
channel nucleon pole term as the driving term in the Bethe-Salpeter equation 
we derived the explicit result (54). We first discuss its implicit nucleon mass 
renormahzation. The result (54) shows a pole at the physical nucleon mass 
with ijj — —rriN, only if the mass-counter term Am at in (50) is identified as 
follows 



3 a 

^ruN = 2 mjv (ml InN{mN) - In) ■ (66) 



In the MS-scheme the divergent parts of Am at, or more precisely the renor- 
malization scale dependent parts, may be absorbed into the nucleon bare mass 
[67]. In our scheme we renormalize by simply replacing I^j-n — > I-kN, I-k ~^ I-k 
and In ^ In — 0. The result (66) together with (65) then reproduces the well 
known result [67,68] 

?,g\ml , 
^"^- = -3277^ + ---' 

commonly derived in terms of the one- loop nucleon self energy Yi^ip)- In order 
to offer a more direct comparison of (54) with the nucleon self-energy Siv(p) 
we recall the one-loop result 



V. / N '^Qa ( ( 2 T / T \ J^IP -'^N r .P +mN r 

^^(P) = ( l^- iMyP^ )-In)-^ + 9„2 ^ 

7? 

2p2 - 2p2 




2 ^2 I ™2 



in terms of the convenient master-loop function InNiVl^) and the tadpole 
terms Jjv and We emphasize that the expression (67) is valid for arbi- 
trary space-time dimension d. The wave-function renormalization, Z^, of the 
nucleon can be read off (67) 
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where in the last hne of (68) we apphed our minimal chiral subtraction scheme 
(64). The result (68) agrees with the expressions obtained previously in [67,68,25]. 
Note that in (68) we suppressed the contribution of the counter terms Co) Cd 
and Cf- 

It is illuminating to discuss the role played by the pionic tadpole contribution, 
Jtt, from Viyj) in (54) and from J^Niw) in (55). In the mass renormalization 
(66) both tadpole contributions cancel identically. If one dropped the pio- 
nic tadpole term J^r in the effective interaction V{w) one would find a mass 
renormalization Amjy ~ rrtj^lT^/p ~ Q^, in confiict with the expected min- 
imal chiral power Am at ~ Q^. Since we would like to evaluate the effective 
interaction V in chiral perturbation theory we take this cancellation as the 
motivation to 'move' all tadpole contributions from the loop function JnN{w) 
to the effective interaction kernel V{w). We split the meson-baryon propagator 
G = Zj^i {Gr + AG) into two terms Gr and AG which leads to a renormal- 
ized tadpole-free loop function G/j. The renormalized effective potential Vr(w) 
follows 



fn = . V = - Vr Vr = ^ V (69) 

1-V-G 1-Vr-Gr 1-ZnV-AG ^ 

1 _ 1 

where we introduced the renormalized scattering amplitude Tr = Z^TZ^ 
as implied by the LSZ reduction scheme. Now the cancellation of the pionic 
tadpole contributions is easily implemented by applying the chiral expansion 
to Vr{w). The renormalized interaction kernel Vr{w) is real by construction. 

Our renormalization scheme is still incomplete!^. We need to specify how to 
absorb the remaining logarithmic divergence in /7rAr(^/s). The strategy is to 
move all divergences from the unitarity loop function J-j^Niw) into the renor- 
malized potential Vr(w) via (69). For the effective potential one may then ap- 
ply the standard perturbative renormalization program. We impose the renor- 
malization condition that the effective potential Vr{w) matches the scattering 
amplitudes at a subthreshold energy y/s = ns- 



TRi^is) = VRifis) . (70) 



^ We discuss here the most general case not necessarily imposing the minimal chiral 
subtraction scheme (64). 
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We argue that the choice for the subtraction point fis is rather well determined 
by the crossing symmetry constraint. In fact one is lead almost uniquely to 
the convenient point /is = ^n- For the case of pion-nucleon scattering one 
observes that the renormalized effective interaction is real only if m^v — 
?7T.7r < /Is < mjv + m^ holds. The first condition reflects the s-channel unitarity 
cut with '^I^rNifJ-s) = only if fis < ttin + TOtt- The second condition signals 
the u-channel unitarity cut. A particular convenient choice for the subtraction 
point is Us = ruNi because it protects the nucleon pole term contribution. It 
leads to 



= -^%f^T^ + ^((^ + -.r), (71) 

if the renormalized loop function is subtracted in such a way that l-KN^Rij^N) — 
and I!^n,r{''^n) — hold. 

Note that we insist on a minimal subtraction for the scalar loop function 
I■KN{^/s) 'inside' the full loop function Jt^n{w). According to (56) one sub- 
traction suffices to render /7rAf(v^) finite. A direct subtraction for J7r7v('^) 
would require an infinite subtraction polynomial which would not be specified 
by the simple renormalization condition (70). We stress that the double sub- 
traction in /,riv(\/s ) is necessary in order to meet the condition (70). Only with 
I'-kN r{''^n) — the renormalized effective potential Vr{w) in (71) represents 
the s-channel nucleon pole term in terms of the physical coupling constant 
Qa properly. For example, it is evident that if Vr is truncated at chiral 
order one finds Zj^i = 1. The one-loop wave-function renormalization (68) 
is needed if one considers the Q^-terms in Vr. 

Wc observe that the subtracted loop function IjrNiVs) — InNifJ's) is in fact 
independent of the subtraction point to order if one counted Hs—fTiN ~ Q^- 
In this case one derives from (57) the expression 



iMvs ) - i^ns) = ^ 1 + T-7 -rr~2 — ~ 

oTrrriN IbTTTJiN Ib-K'^mN \tTij^ ^ 



+ ^^ln Vf-^^ + ^ Uoto^) ,(72) 



where ^^at = Ws — mjsiY' — m^. The result (72) suggests that one may set up 
a systematic expansion scheme in powers of fis ~ i^n ~ Q^- The subtraction- 
scale independence of physical results then implies that all powers (/X5 — mjv)" 
cancel except for the leading term with n = 0. In this sense one may say that 
the scattering amplitude is independent of the subtraction point /is- Note 
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that such a scheme does not necessarily require a perturbative expansion of 
the scattering amphtude. It may be advantageous instead to restore that min- 
imal /is-dependence in the effective potential V, leading to a subtraction scale 
independent scattering amplitude at given order in {fis — m^). Equivalently, 
it is legitimate to directly insist on the 'physical' subtraction with fis = Tn^- 
There is a further important point to be made: we would reject a conceivable 
scheme in which the inverse effective potential is expanded in chiral pow- 
ers, even though it would obviously facilitate the construction of that minimal 
/i 5- dependence. As examined in detail in [26] expanding the inverse effective 
potential requires a careful analysis to determine if the effective potential has 
a zero within its applicability domain. If this is the case one must reorganize 
the expansion scheme. Note that this is particularly cumbersome in a coupled- 
channel scenario where one must ensure that det V ^ Q holds. Since in the 
SU{?)) limit the Weinberg- Tomozawa interaction term, which is the first term 
in the chiral expansion of V , leads to det Vy/r = (see (106)) one should not 
pursue this pathf"^ 

We address an important aspect related closely to our renormalization scheme, 
the approximate crossing symmetry. At first, one may insist on either a strict 
perturbative scheme or an approach which performs a simultaneous iteration 
of the s- and u-channel in order to meet the crossing symmetry constraint. We 
point out, however, that a simultaneous iteration of the s- and u-channel is not 
required, if the s-channel iterated and u-channel iterated amplitudes match at 
subthreshold energies a/s ~ /ig ~ m^v to high accuracy. This is a sufficient 
condition in the chiral framework, because the overlap of the applicability do- 
mains of the s- and u-channel iterated amplitudes are restricted to a small 
matching window at subthreshold energies in any case. This will be discussed 
in more detail in section 4.3. Note that crossing symmetry is not necessarily 
observed in a cutoff regularized approach. In our scheme the meson-baryon 
scattering process is perturbative below the s and u-channel unitarity thresh- 
olds by construction and therefore meets the crossing symmetry constraints 
approximatively. Non-perturbative effects as implied by the unitarization are 
then expected at energies outside the matching window. 

Before turning to the coupled channel formalism we return to the question of 
the convergence of standard xPT. The poor convergence of the standard xPT 
scheme in the KN sector is illustarted by comparing the effect of the iteration 
of the Weinberg- Tomozawa term in the KN and vrA^ channels. 



There is a further strong indication that the expansion of the inverse effective 
potential indeed requires a reorganization. The effective p-wave interaction kernel 
is troublesome, because the nucleon-pole term together with a smooth background 
term will lead necessarily to a non-trivial zero. 
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3.3 Weinberg-Tomozawa interaction and convergence of xPT 




We consider the Weinberg-Tomozawa interaction term K^rT(k,k■,w) as the 
driving term in the Bethe-Salpeter equation. This is an instructive example 
because it exemphfies the non-pcrturbativc nature of the strangeness channels 
and it also serves as a transparent first application of our renormalization 
scheme. The on-shell equivalent scattering amplitude TVt(w) is 



fwriw) ^ ^ _ ^J^^.^ j^^^ V^riw) , K^r{k,k;w) ^ c^-±^ , (73) 

where the Bcthe-Salpeter scattering equation (43) was solved algebraically 
following the construction (47,48). Here we identify Kr- G Ir, G- Kl II 
and Kr ■ G ■ Kl — > Ilr with the mesonic tadpole loop Im (see (53)) with 
II — Ir — Im and Ilr — (yb — M) Im- The meson-baryon loop function 
J{w) is defined for the nN system in (55). The coupling constants c{)b^mb 
specifies the strength of the Weinberg-Tomozawa interaction in a given meson- 
baryon channel with isospin /. Note that (73) is written in a way such that 
coupled channel effects are easily included by identifying the proper matrix 
structure of its building blocks. A detailed account of these effects will be 
presented in subsequent sections. We emphasize that the mesonic tadpole Im 
cannot be absorbed systematically in /, in particular when the coupled channel 
generalization of (73) with its non-diagonal matrix c is considered. At leading 
chiral order Q the tadpole contribution should be dropped in the effective 
interaction V in any case. 

It is instructive to consider the s-wave KN scattering lengths up to second or- 
der in the Weinberg-Tomozawa interaction vertex. The coefficients c^^_^^^ = 
3 and c|}y_^^^ = 3 and c^}v_^^ = 1 lead to 



where we included only the s-channel iteration effects following from (73). The 
loop function Ikn{\/s) was subtracted at the nucleon mass and all tadpole 
contributions are dropped. Though the expressions (74) are incomplete in the 
xPT framework (terms of chiral order and terms are neglected) it is 
highly instructive to investigate the convergence property of a reduced chiral 
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Fig. 1. Real (l.h.s.) and imaginary (r.h.s.) part of the isospin zero s-wave i^~-nucleon 
scattering amplitude as it follows from the SU{3) Weinberg- Tomozawa interaction 
term in a coupled channel calculation. We use / = 93 MeV and identify the sub- 
traction point with the A(1116) mass. 

Lagrangian with the Weinberg- Tomozawa interaction only. According to (74) 
the relevant expansion parameter m^/(87r/^) ~ 1 is about one in the KN 
sector. One observes the enhancement factor 27r as compared to irreducible 
diagrams which would lead to the typical factor mj^/^in /)^. The perturbative 
treatment of the Weinberg- Tomozawa interaction term is therefore unjustified 
and a change in approximation scheme is required. In the isospin zero KN 
system the Weinberg- Tomozawa interaction if iterated to all orders in the 
s-channel (73) leads to a pole in the scattering amplitude at subthreshold 
energies ^/s < rriN + ttik- This pole is a precursor of the A (1405) resonance 
[70,31,19-21]. 

In Fig. 1 we anticipate our final result for the leading interaction term of the 
chiral SU{3) Lagrangian density suggested by Tomozawa and Weinberg. If 
taken as input for the multi-channel Bethe-Salpeter equation, properly fur- 
nished with a renormalization scheme leading to a subtraction point close 
to the baryon octet mass, a rich structure of the scattering amplitude arises. 
Details for the coupled channel generalization of (73) are presented in the sub- 
sequent sections. Fig. 1 shows the s-wave solution of the multi-channel Bethe- 
Salpeter as a function of the kaon mass. For physical kaon masses the isospin 
zero scattering amplitude exhibits a resonance structure at energies where one 
would expect the A(1405) resonance. We point out that the resonance struc- 
ture disappears as the kaon mass is decreased. Already at a hypothetical kaon 
mass of 300 MeV the A(1405) resonance is no longer formed. Fig. 1 demon- 
strates that the chiral SU{3) Lagrangian is necessarily non-perturbative in 
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the strangeness sector. This confirms the findings of [19,20]. In previous works 
however the A(1405) resonance is the resuh of a fine tuned cutoff param- 
eter which gives rise to a different kaon mass dependence of the scattering 
amphtude [20]. In our scheme the choice of subtraction point close to the 
baryon octet mass follows necessarily from the compliance of the expansion 
scheme with approximate crossing symmetry. Moreover, the identification of 
the subtraction point with the A-mass in the isospin zero channel protects the 
hyperon exchange s-channel pole contribution and therefore avoids possible 
pathologies at subthreshold energies. 

We turn to the pion-nucleon sector. The chiral SU{2) Lagrangian has been 
successfully applied to pion-nucleon scattering in standard chiral perturba- 
tion theory [29,30,71]. Here the typical expansion parameter m^/(87r/^) <C 1 
characterizing the unitarization is sufficiently small and one would expect 
good convergence properties. The apphcation of the chiral SU{3) Lagrangian 
to pion-nucleon scattering on the other hand is not completely worked out 
so far. In the SU(3) scheme the ttN channel couples for example to the JCE 
channel. Thus the slow convergence of the unitarization in the KH channel 
suggests to expand the interaction kernel rather than the scattering ampli- 
tude also in the strangeness zero channel. This may improve the convergence 
properties of the chiral expansion and extend its applicability domain to larger 
energies. Also, if the same set of parameters are to be used in the pion-nucleon 
and kaon-nucleon sectors the analogous partial resummation of higher order 
counter terms included by solving the Bethe-Salpeter equation should be ap- 
plied. We illustrate such effects for the case of the Weinberg- Tomozawa inter- 

(-) (-) 
action. With c^jv-^ttAt — ~^ ^^<i c^jv-^ke — ~^ the isospin three half s-wave 

(-) 

pion-nucleon scattering lengths a^]^ receive the typical correction terms 
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(75) 



where we again considered exclusively the unitary correction terms. Note that 
the ratio (ms — m]si)/mK arises in (75), because we first expand in powers of 
and only then expand further with — mjv ~ and m\ ~ Q^. The cor- 
rection terms in (75) induced by the kaon-hyperon loop, which is subtracted 
at the nucleon mass, exemplify the fact that the parameter / is renormalized 
by the strangeness sector and therefore must not be identified with the chiral 
limit value of / as derived for the SU (2) chiral Lagrangian. This is evident if 
one confronts the Weinberg- Tomozawa theorem of the chiral SU{2) symmetry 
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with (75). The expression (75) demonstrates further that this renormahzation 
of / appears poorly convergent in the kaon mass. Note in particular the anoma- 
lously large term Trmx/'m.jv- Hence it is advantageous to consider the partial 
resummation induced by a unitary coupled channel treatment of pion-nucleon 
scattering. 



3.4 Partial-wave decomposition of the Bethe-Salpeter equation 



The Bethe-Salpeter equation (43) can be solved analytically for quasi-local 
interaction terms which typically arise in the chiral Lagrangian. The scat- 
tering equation is decoupled by introducing relativistic projection operators 
Y^"^^ {q, q; w) with good total angular momentum: 



Yji^\q, q;w) = ^ (-^ ± l\ Y^^,{q, q; w) 



[(n-l)/2] (\k(n nL.\] 

Y (a a-w)= V ^ ^ ^ Y'' y"-^ '"'^ Y^ 

{w-q){q-w) _ _ {w-q){q-w) 
= 5 q-q^ = 2 ? • ? ' 

{w ■q){q- w) _ 

= 2 q-q- 76) 

For the readers convenience we provide the leading order projectors Yj^"^^ rel- 
evant for the J = \ and J = \ channels explicitly: 



yj%,,; .) = l(-|5±i) , 

vi.±)(- \ \({q-w){wq) ' 



The objects Y}^\q,q]w) are constructed to have the following convenient 
property: Suppose that the interaction kernel K in (43) can be expressed 
as linear combinations of the Yji'^\q^q-^w) with a set of coupling functions 
y^^^(\/s,n), which may depend on the variable s, 
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Ki'k, k;w) = Y: {V^^^ (7^; n) (q, q; w) + V^-\V~s; n) Y^-^ (g, q; wp^) 



n=0 



with w — p + q, k = ip — q)/2 and k = {p — q)/2. Then in a given isospin 
channel the unique solution reads 



T{k,k-w) = Y. {m^^^ iV^-^ri) {q,q;w) + M^-\^;n) Y^^ (g, g; w)) , 

n=0 

1 - y ( Vs; n) ( Vs; n) 
with a set of divergent loop functions j'^{-y/s]n) defined by 



JSi{^s;n)Yi^\q,q;w) = -^ J j^,Y^^\qJ;w) S^{w - I) 

xD^{l)Y^^\l,q;w). (80) 

We underline that the definition of the loop functions in (80) is non triv- 
ial, because it assumes that Y^"^^ • G ■ Y^'^'^ is indeed proportional to Y^^\ 
An explicit derivation of this property, which is in fact closely linked to our 
renormalization scheme, is given in Appendix C. We recall that the loop func- 
tions J^^^(y^;n), which are badly divergent, have a finite and well-defined 
imaginary part 



,45(v/i;«)^|$(f.4^.™„). (81, 

We specify how to renormalize the loop functions. In dimensional regulariza- 
tion the loop functions can be written as linear combinations of scalar one 
loop functions I^NiVs), 1^, In and /*^"\ 



According to our renormalization procedure we drop the tadpole contri- 
butions In and replace I-,rN{s) by I-kn{Vs) — InNil^s)- This leads to 



AI^n{\/s) =I^n{\/s) - InNifJ^s) , (83) 
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with the master loop function InN{y/s) and p^,]\f{^/s) given in (56). In the cen- 
ter of mass frame Pt^n represents the relative momentum. We emphasize that 
the loop functions are renormalized in accordance with (70) and 

(69) where = ^atPI- This leads to tadpole-free loop functions and also to 
M^^\mN,n) = V^^\mN,n). The behavior of the loop functions J^{y/s^n) 
close to threshold 



3 4JvH v^, n) ~ pI%+' , 53 ( v/^, n) ~ p^^' , (84) 

already tells the angular momentum, /, of a given channel with / = n for the 
and I = n + 1 for the '— ' channel. 

The Bethe-Salpeter equation (79) decouples into reduced scattering ampli- 
tudes M*^^^(A/i, ra) with well-defined angular momentum. In order to unam- 
biguously identify the total angular momentum J we recall the partial-wave 
decomposition of the on-shell scattering amplitude T [9]. The amplitude T is 
decomposed into invariant amplitudes F^\s,t) carrying good isospin / 



T = ^{U4= + l) Fi%,t) + U4^-l] F[%.t)] P, (85) 



where s = {p + q)"^ = w"^ and t = {q — g)^ and Pj are the isospin projectors 
introduced in (46). Note that the choice of invariant amplitudes is not unique. 
Our choice is particularly convenient to make contact with the covariant pro- 
jection operators (76). For different choices, see [9]. The amplitudes F±{s,t) 
are decomposed into partial-wave amplitudes /j2,;-|-i(v^) [9] 



n=l 

oo 



Kico.e)Jz' 

' ^0 2"A;!(n-A;)!(n-2A;-l)!V / ' ^ ' 

where [n/2] = {n — l)/2 for n odd and [n/2] = n/2 for n even. P^iz) is 
the derivative of the Legendre polynomials. In the center of mass frame E 
represents the nucleon energy and 6 the scattering angle: 



Note that consistency with the renormalization condition (70) requires a further 
subtraction in the loop function jU if the potential V^j^\^,0) ~ l/(s — 
mj^ + ie) exhibits the s-channel nucleon pole (see (71)). 
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^7) 



The unitarity condition formulated for the partial-wave amplitudes /j"* leads 
to their representation in terms of the scattering phase shifts 5^^ 



J—l± 2 



(88) 



One can now match the reduced amplitudes M^='=)(s) of (79) and the partial- 

•(0 

j=i±l 



wave amplitudes f^!\,i{s) 



It is instructive to consider the basic building block Yn{q,q;w) of the covari- 
ant projectors Y^'^^q, q; w) in (76) and observe the formal similarity with 
P^{cos9) in (86). In fact in the center of mass frame with Wcm — {\/s, 0) one 
finds pI.'%~^ P^{cos 9) — Yn{q,q;Wcm)- This observation leads to a straightfor- 
ward proof of (79) and (80). It is sufficient to prove the orthogonality of the 
projectors Y^'^\q,q;w) in the center of mass frame, because the projectors 
are free from kinematical singularities. One readily finds that the imaginary 
part of the unitary products Y^"^^ GY^^ vanish unless both projectors are the 
same. It follows that the unitary product of projectors which are expected to 
be orthogonal can at most be a real polynomial involving the tadpole functions 
/ttj/jv and /*^"\ Then our renormalization procedure as described in section 
3.2 leads to (79) and (80). We emphasize that our argument relies crucially on 
the fact that the projectors Y^'^\q, q; w) are free from kinematical singularities 
in q and q. This implies in particular that the object Yn{q, q; w) must not be 
identified with P^{cos9) as one may expect naively. 

We return to the assumption made in (78) that the interaction kernel K can 
be decomposed in terms of the projectors Y^"^^ . Of course this is not possible 
for a general interaction kernel K. We point out, however, that the on-shell 
equivalent interaction kernel V in (48) can be decomposed into the Y^"^^ if 
the on-shell irreducible kernel K and the on-shcll reducible kernels Kj^ ji and 
Klr of (47) are identified properly. The on-shell irreducible kernel K of (47) 
is defined by decomposing the interaction kernel according to 



oo 

^(^) {q,q;w)^J2 (^f ^) ^i^^ iQ,Q;^) + K^- ( n) Y^^ {q,q;w)) , 

n=0 
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j'^ ^ PttN 

where t = —2p'^^ {1 — x) and i^±''(s, t) follows from the decomposition of the 
interaction kernel K: 

Then — ^ is on-shell reducible by construction and therefore can be de- 
composed into Kl, Kr, Klr. Note that it does not yet follow that the induced 
effective interaction V can be decomposed into the 1^^^-*. This may need an 
iterative procedure in particular when the interaction kernel shows non-local 
structures induced for example by a t-channcl meson-exchange. The starting 
point of the iteration is given with Kq = K and Vq = ^ as defined via (90). 
Then Kn+i — V[Kn], where is defined in (49) with respect to Kn as 

given in (90). The effective interaction V is then identified with V = K^. 
In our work we will not encounter this complication, because the effective 
interaction kernel is treated to leading orders of chiral perturbation theory. 



4 SU{3) coupled-channel dynamics 

The Bcthe-Salpctcr equation (43) is readily generalized for a coupled-channel 
system. The chiral 5*^7(3) Lagrangian with baryon octet and pseudo-scalar 
meson octet couples the KN system to five inelastic channels ttE, ttA, r]A, 
r}Ti and and the t^N system to the three channels KTi, rjN and KA. The 
strangeness plus one sector with the KN channel is treated separately in the 
next section when discussing constraints from crossing symmetry. For sim- 
plicity we assume in the following discussion good isospin symmetry. Isospin 
symmetry breaking effects are considered in Appendix D. In order to establish 
our convention consider for example the two-body meson-baryon interaction 
terms in (18). They can be rewritten in the following form 

C{k,k;w)= ^^'^ Hq,P) 70 K^''^ {k,k;w) R^'^ (q, p) , 

1=0 1 1 2 
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E-SK 



(92) 



where R{q,p) in (92) is defined by R{q,p) = J d'^x d'^y e''^'^^''^^^ ^{x) B{y), 
and ^{x) and 5(y) denoting the meson and baryon fields respectively. In 
(92) we decomposed the pion field n — fCc + ttI and the eta field rj = r]c + 
ril^'^ . Also we apply the isospin decomposition of (8). The isospin 1/2 to 
3/2 transition matrices Si in (92) are normalized by Sj Sj = Sij — crj/3. The 
Lagrangian density C{x) in coordinate space is related to its momentum space 
representation through 



r . f d'^k d^k d'^w , . 

J ^ ^ ^^^^ = y (2^ (2^ (2^ ■ ^^^^ 

The merit of the notation (92) is threefold. Firstly, the phase convention for 
the isospin states is specified. Secondly, it defines the convention for the in- 
teraction kernel K in the Bcthc-Salpeter equation. Last it provides also a 
convenient scheme to read off the isospin decomposition for the interaction 
kernel K directly from the interaction Lagrangian (see Appendix A). The 
coupled channel Bethe-Salpeter matrix equation reads 




For a neutral scalar field (t>{x) = (t>c{x) + ^J(x) with mass m we write 



^'^^^'^^ = y (2^ 2^ "^^^ ' "^^^^'^^ = I J^nf^"^^^^ 

where Ljfe = {m'^+kP')^ and [a{k),a) {k')]^ = {2tt)^ 2uJk5^{k—k').lD. (92) we suppress 
terms which do not contribute to the two-body scattering process at tree-level. For 
example terms like NrjcNric or NrjlNrjl are dropped. 
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GlJ{l;w)^-i D^(^i^d){lw- l)SBii,d){^w + l)5cd, 



(94) 



where D<^{^i^d){(l) and Sb{I4){p) denote the meson propagator and baryon prop- 
agator respectively for a given channel d with isospin /. The matrix structure 
of the coupled-channel interaction kernel Kab{k, k;w) is defined via (92) and 



^0,a) = {K,n,r],K)a, 5(0, a; 
<!>{l,a) = {K,7r,7r,fj,K),, 5(1, a) 

$(|,a) = (7r,ii')„, 5(1, a) 



(iV,S,A,S),, 
(iV,E,A,E,S)„, 

:(iV,E,iV,A)„, 

(iV, E)„. 



(95) 



We proceed and identify the on-shell equivalent coupled channel interaction 
kernel V of (49) . At leading chiral orders it is legitimate to identify V^l^ with 
of (47) , because the loop corrections in (49) are of minimal chiral power 
(see (5)). To chiral order the interaction kernel receives additional terms 
from one loop diagrams involving the on-shell reducible interaction kernels 
Kl,r as well as from irreducible one-loop diagrams. In the notation of (47) 
one finds 



V = K + Kr-G-K + K - G-Kl + Kr-G-Kl + O (g^) . (96) 

Typically the terms induced by Kl^r in (96) are tadpoles (see e.g. (54,73)). 
The only non-trivial contribution arise from the on-shell reducible parts of the 
u-channel baryon octet terms. However, by construction, those contributions 
have the same form as the irreducible loop-correction terms of K. In par- 
ticular they do not show the typical enhancement factor of 27r associated with 
the s-channel unitarity cuts. In the large Nc limit all loop correction terms to 
V are necessarily suppressed by 1/A^c- This follows, because any hadronic loop 
function if visualized in terms of quark-gluon diagrams involves at least one 
quark-loop, which in turn is 1/A^c suppressed [23,24]. Thus it is legitimate to 
take V" = ^ in this work. 

We do include those correction terms of suppressed order in the l/N^ expansion 
which are implied by the physical baryon octet and decuplet exchange contri- 
butions. Individually the baryon exchange diagrams are of forbidden order Nc- 
Only the complete large baryon ground state multiplet with J = (|, ^) 
leads to an exact cancellation and a scattering amphtude of order [72]. 
However this cancellation persists only in the limit of degenerate baryon octet 
mjgj and decuplet mass m^j^g]- With < m^^^^ — mjgj the cancellation is in- 
complete and thus leads to an enhanced sensitivity of the scattering amplitude 
to the physical baryon-exchange contributions. Therefore one should sum the 
1/A^c suppressed contributions of the form (m^^o] "''^[s])"/^" ~ ^7'^- We take 
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this into account by evaluating the baryon-exchange contributions to sub- 
leading chiral orders but avoid the expansion in either of (^[iq] ~^[?,\)/'^t^ °^ 
m^r/ (^^[10] ""^[8])- We also include the SU (3) symmetry-breaking counter terms 
of the 3-point meson-baryon vertices and the quasi-local two-body counter 
terms of chiral order which are leading in the 1/Nc expansion. Note that 
the quasi-local two-body counter terms of large chiral order are not neces- 
sarily suppressed by l/N^ relatively to the terms of low chiral order. This is 
plausible, because for example a t-channel vector-meson exchange, which has 
a definite large A'^c scaling behavior, leads to contributions in all partial waves. 
Thus quasi-local counter terms with different partial-wave characteristics may 
have identical large Nc scaling behavior even though they carry different chi- 
ral powers. Finally we argue that it is justified to perform the partial 
resummation of all reducible diagrams implied by solving the Bethe-Salpeter 
equation (48). In section 3 we observed that reducible diagrams are typically 
enhanced close to their unitarity threshold. The typical enhancement factor 
of 27r per unitarity cut, measured relatively to irreducible diagrams (see (74)), 
is larger than the number of colors A^c = 3 of our world. 

By analogy with (79) the coupled-channel scattering amplitudes T^j^ are de- 
composed into their on-shell equivalent partial-wave amplitudes M^^'^^ 



oo 

fi;) {Kk-w) = Y: MiJ'+) ( V^; n) (g- g; w) 

n=0 

oo 

+ ^ Mi;'-)(V^;n)Fi-)(g,g;^/;) , (97) 



n=0 



where k = \w — q and k = \w — q and s = Wfj^w^. The covariant projectors 
^i^'' {'Q.iQ.'i'^) were defined in (76). Expressions for the differential cross sections 
given in terms of the partial- wave amplitudes can be found in Appendix 
F. The form of the scattering amplitude (97) follows, because the effective 
interaction kernel V^^ of (49) is decomposed accordingly 



oo 

V!ll\k kM = Y. Ki'-^Hx/^; n) Y^-^\q, q- w) 

n=0 

oo 

+ E vtl'-\^s-n)Yt\q.qM . (98) 

n=0 

The coupled-channel Bethe-Salpeter equation (94) reduces to a convenient 
matrix equation f( 
amphtudes M^^'^^ 



matrix equation for the effective interaction kernel V^P and the invariant 
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c,d 

which is readily solved with: 



- ab 



(100) 



It remains to specify the coupled-channel loop matrix function 5ab, 
which is diagonal in the coupled- channel space. We write 



j(L±)( r \ ^ ^B{I,a) "4(/,a) , \ . .(fc) , 

Jaa 'iVs; ^) = ( ^ + 2^ ± ^Bil,a) 1 ^I'^(;i,a) B(I,a)iVs) 



^4'(/,a)-B(^,a)(^/^) = ^*{/,a)B(/,a)(v/s) 



I<l>{I,a) B{I,a) {V~s) . (101) 



Vs=IJ-S 



The index a labels a specific channel consisting of a meson-baryon pair of given 
isospin ($(/, a), -B(/, a)). In particular m$(/_a) and mB{i,a) denote the empirical 
isospin averaged meson and baryon octet mass respectively. The scalar master- 
loop integral, I<s>{i,a) B{i,a){y/s), was introduced explicitly in (56) for the pion- 
nucleon channel. Note that we do not use the expanded form of (57). The 
subtraction point fi[p is identified with fJ^^^^ =m\ and /./p =mj^ in the isospin 

zero and isospin one channel respectively so as to protect the hyperon s-channel 

(-) (-) 

pole structures. Similarly we use i^g" = A*5^ = itin in the pion-nucleon sector. 
We emphasize that in the p-wave loop functions J^~\^/s, 0) and J^'^\^/s, 1) we 
perform a double subtraction of the internal master-loop function with k — 1 
in (101) whenever a large Nc baryon ground state manifests itself with a s- 
channel pole contribution in the associated partial-wave scattering amplitude. 
In all remaining channels we use k = in (101). This leads to consistency 
with the renormalization condition (70), in particular in the large Nc limit 
with m[8] = m[ioj. 

We proceed by identifying the on-shell irreducible interaction kernel in 
(96). The result (90) is generalized to the case of inelastic scattering. This 
leads to the matrix structure of the interaction kernel Kab defined in (92). In 
a given partial wave the effective interaction kernel Kll''^\y^; n) reads 
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oo 

^if = E (^iJ-^'Hy^; n) Y^+\q, q; w) + K^-\V~s; n) Y^-\q, q; w)) , 

n=0 

where Pn{z) are the Legendre polynomials and 



(p<'.)' = (4'))=-™|(,,.,. (103) 

The construction of the on-shell irreducible interaction kernel requires the 
identification of the invariant amplitudes K^fj''^\s,t) in a given channel ab: 



on-sh. 2 V / - ^ ' ^ 2 V 



Isospin breaking effects are easily incorporated by constructing super matri- 
ces and T^^'^) which couple different isospin states. We consider 
isospin breaking effects induced by isospin off-diagonal loop function J^^'^^ but 
impose V'^^'^^ ~ 5pi. For technical details we refer to Appendix D. 

We underline that our approach deviates here from the common chiral expan- 
sion scheme as implied by the heavy-fermion representation of the chiral La- 
grangian. A strict chiral expansion of the unitarity loop function I^{i,a) B[i,a) (y/s ) 
does not reproduce the correct s-channel unitarity cut. One must perform an 
infinite summation of interaction terms in the heavy-fermion chiral Lagrangian 
to recover the correct threshold behavior. This is achieved more conveniently 
by working directly with the manifest relativistic scheme, where it is natural 
to write down the loop functions in terms of the physical masses. In this work 
we express results systematically in terms of physical parameters avoiding the 
use of bare parameters like m^gj whenever possible. 



4-1 Construction of effective interaction kernel 



We collect all terms of the chiral Lagrangian contributing to order to the 
interaction kernel Kll\k,k;w) of (94): 
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X(^) (k, k;w)^ Kg\{k, k; w) + (k, k; w) + (k, k; w) 

+ Ki\fk, k- w) + K[g^^{k, k- w) + K^^\k, k; w) . (105) 

The various contributions to the interaction kernel will be written in a form 
which facilitates the derivation of Kll''^\s,t) in (102). It is then straightfor- 
ward to derive the on- shell irreducible interaction kernel V. 

We begin with a discussion of the Weinberg- Tomozawa interaction term K^j, 
in (7). To chiral order it is necessary to consider the effects of the baryon 
wave-function renormalization factors Z and of the further counter terms in- 
troduced in (32). We have 



ab 



in 

WT 



ab 



(l + I ACB(/,a) + i ACb(/,6)) 



+ 



4/2 



(106) 



The dimensionless coefficient matrix C^pj^ of the Weinberg- Tomozawa interac- 
tion is given in Tab. 2 for the strangeness zero channels and in the Appendix E 
for the strangeness minus one channels. The constants A.(^b{c) in (106) receive 
contributions from the baryon octet wave-function renormalization factors Z 
and the parameters (q, and of (32): 



AC = C + 2- i + -- -, 

Civ= (Co + 2Cf) ml + {2Co + 2CD-2CF)ml , 
Ca = (Co - 1 Cd) + (2 Co + I Co) ml , 
Ce = (Co + 2Ci?)m^ + 2Com^ , 

Cs = (Co - 2 Cf) + (2 Co + 2 + 2 (f) m\ . (107) 

The dots in (107) represent corrections terms of order and further con- 
tributions from irreducible one-loop diagrams not considered here. We point 
out that the coupling constants Co) Cd ^iid Cf, which appear to renormalize 
the strength of the Weinberg- Tomozawa interaction term, also contribute to 
the baryon wave-function factor Z as is evident from (27). In fact, it will be 
demonstrated that the explicit and implicit dependence via the wave-function 
renormalization factors Z cancel identically at leading order. Generalizing (68) 
we derive the wave-function renormalization constants for the SU (3) baryon 
octet fields 



^b\c) - 1 = Cb(c) - J-^ iB{I,a) ^l(7,a) (p^S{?)) B{I ,a)) ' (108) 



CB{I,a) = 2 mB{c) 



4f 

dh{I,a)B{I,a){Vs) 



m, 



*(7,a) 
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where the sum in (108) includes all SU{3) channels as listed in (92). The result 
(108) is expressed in terms of the dimension less coupling constants For 
completeness we collect here all required 3-point coupling coefficients: 



M^) _ ^/^ p M^) _ 1 r^(A) ^(s) _ 2 n 

G?> = V2(f + D), Gf>=-^G<?>, g1 = -v|g?|, 

Gi,l = -^(3F + £>), Gi = v^(F-D), (109) 

at leading chiral order Q'^. The loop function s(/,a)(v^) and the mesonic 
tadpole term I<s>{i,a) are the obvious generalizations of IixN^^fs) and 1^^ intro- 
duced in (56). We emphasize that the contribution C,b(c) in (108) is identical 
to the corresponding contribution in /S.C,b{c)- Therefore, if all one- loop effects 
are dropped, one finds the result 



z-^ = i + C, Ac = o + o(g^^g^) . (110) 

Given our renormalization condition (70) that requires the baryon s-channel 
pole contribution to be represented by the renormalized effective potential 
Vr, we conclude that (110) holds in our approximation. Note that the loop 
correction to Z as given in (108) must be considered as part of the renormal- 
ized effective potential Vr and consequently should be dropped as they are 
suppressed by the factor Q^/Nc- It is evident that the one-loop contribution 
to the baryon ^-factor is naturally moved into Vr by that double subtraction 
with k = 1 in (101), as explained previously. 

It is instructive to afford a short detour and explore to what extent the pa- 
rameters Coi Cd and (f can be dialed to give Z = 1. \n the SU{'i) limit with 
degenerate meson and also degenerate baryon masses one finds a degenerate 
wave-function renormalization factor Z 



2-'-l-3C„ + 2C.-^(|i5^ + 3f^)(-4-31ng) 

+3.^ + (4)), (111) 

where we used the minimal chiral subtraction prescription (64). The result 
(111) agrees identically with the S'C/(2)-result (68) if one formally replaces g\ 
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Table 2 

Weinberg- Tomozawa interaction strengths and baryon exchange coefficients in the 
strangeness zero channels as defined in (121). 

by + ^L)2 (^gg)_ jg ^Yeai from (111) that in the SU{?,) limit the 
counter term 3^0 + 2Cd may be dialed such so as to impose Z = 1. This 
is no longer possible once the explicit SU{?)) symmetry-breaking effects are 
included. Note however that consistency of the perturbative renormalization 
procedure suggests that for hypothetical S'f/(3)-degenerate ^-factors in (108) 
it should be possible to dial Co? Cd and Cf so as to find Zb = 1 for all baryon 
octet fields. This is expected, because for example in the M^-scheme one finds 
a S'[/(3)-symmetric renormalization scalef^ dependence of Cb{c) in (108) with 
^B{c) ~ In/x^. Indeed in this case the choice 



£ 10 

C. = ^y/^F, (112) 



13 



Note that in the minimal chiral subtraction scheme the counter terms Co, d,f are 
already renormalization scale independent. The consistency of this procedure follows 
from the symmetry conserving property of dimensional regularization. 
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would lead to Z = 1 for all baryon octet wave functions. We will return to the 
SU{3) symmetry-breaking effects in the baryon wave-function renormaliza- 
tion factors when discussing the meson-baryon 3-point vertices at subleading 
orders. 

We proceed with the s-channel and u-channel exchange diagrams of the baryon 
octet. They contribute as follows 



ab 



E 



R 



L.ab J 



[8] 



ab 



ab 



c = l 



18] 



ab 



4/2 



^ + m(;j + R^i + R 



D(-r>c) 

R,ab 



(^,c)^ 
'L,ab , 



where — Pn — The index c in (113) labels the baryon octet exchange 
with c — > (A^, A, E,S). In particular m^^ denotes the physical baryon octet 

masses and R^^''^^ and i?*^^''^^ characterize the ratios of pseudo- vector to pseudo- 
scalar terms in the meson-baryon vertices. The dimensionless matrices C[g] and 
C[g] give the renormalized strengths of the s-channel and u-channel baryon 
exchanges respectively. They are expressed most conveniently in terms of s- 
channel C'^(c) and u-channel C*b(c) coefficient matrices 



.*"[8] . 
.^[8] . 



ab 
ab 



C 



(I) 

B{c) 



(Bic)) T(B(c)) 
^l, - -^iI,a)B(I,a) ^^{I,b)B(I,b) ' 

4(-B(c)) l(B(c)) 
^*(7,6)B(7,a) ^*(7,a)B(7,6) ' 



(114) 



and the renormalized three-point coupling constants A. According to the LSZ- 
scheme the bare coupling constants, A, are related to the renormalized cou- 
pling constants, A, by means of the baryon octet 2^-factors 



^^{I,a)B{I,b) — ^B{c) ^*(7,a)B(7,6) ^B{I,b) ■ \^^^) 

To leading order the bare couphng constants A — G{F, D) + O (Q^) are 
specified in (109). The chiral correction terms to the coupling constants A 
and R will be discussed in great detail subsequently. In our convention the 
s-channel coefficients Cb(c) are either one or zero and the u-channel coeffi- 
cients Cb{c) represent appropriate Fierz factors resulting from the interchange 
of initial and final meson states. To illustrate our notation explicitly the co- 
efficients are hsted in Tab. 2 for the strangeness zero channels but relegated 
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to Appendix E for the strangeness minus one channel. Wc stress that the ex- 
pressions for the s- and u-channel exchange contribution (113) depend on the 
result (110), because there would otherwise be a factor Z~^/{1 + Q in front 
of both contributions. That would necessarily lead to an asymmetry in the 
treatment of s- versus u-channel exchange contribution, because the s-channel 
contribution would be further renormalized by the unitarization. In contrast, 
we observe in our scheme the proper balance of s- and u-channel exchange 
contributions in the scattering amplitude, as is required for the realization of 
the large cancellation mechanism [72]. 

We turn to the S'f/(3) symmetry-breaking effects in the meson-baryon cou- 
pling constants. The 3-point vertices have pseudo-vector and pseudo-scalar 
components determined by + dF^ and Fj of (33,34) respectively. We first 
collect the symmetry-breaking terms in the axial-vector coupling constants 
A introduced in (115). They are of chiral order but lead to particular 
Q^-correction terms in the scattering amplitudes. One finds 



A = G{Fa, Da) -^{m\- ml) AA , Fi = Fi + 5F, , 

=3(Fi + F3)-Fo-F2 + 2(F4 + F5) , 
AAg = 1 (Fi - F3) + I (Fo - F2) - F4 + F5 , 
A^^ = -Fi + 3F3 + |Fo-F2 + |F4-2F5 + 2(F6 + |F4) , 
A^Ev = -|Fi - fFs + iFo + |F2 + IF4 + F5 + (F7 + |Fo) , 

a4^). = ^aaK, 

a4e^ = ^F4 + v^(F, + |Fo), 

AA(^i = |(Fo + F4) + 2(F6+|F4) + 2(Fr + |Fo) , 

AA^U (Fo + FO + ^ (F2 + Fa) - ^ (F4 - 3 F5) - (Fy + I i^o) , 
a4-)=4aaS, a41 = -4 4(F2 + F,), AAS = ^a4,), 
AAg = |(Fo-F4) + 2(F6 + |F4), 



a41 = -^(Fi + Fa) + vl(i^o + F,) - v/f (^4 + F5) , 

AAfi =Fi + 3F3 + |Fo + F2 + §F4 + 2F5 + 2(F6 + |F4) , 

a4I = Fo + 3Fi - F2 - 3Fa + 2 (F5 - F4) , (116) 



where the renormalized coupling constants D4 and Fa are given in (37) and 
G{F,D) in (109). We emphasize that to order the effect of the 2-factors 
in (115) can be accounted for by the following redefinition of the Fr, Dji and 
Fj parameters in (116) 
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Fr^ Fii+ (2 m\ + ml 

Dr^Dr+ (2 ml + ml) (Co + I Cd) Dr , 

-^0 — -^0 + Cd Dr , Fi ^ Fi + (f Fr , F2 — > F2 + Cd Fr , 

F^^F^ + CfFr, Fr^Fr-ICoDR. (117) 

As a consequence the parameters Co) Cd and Cf are redundant in our approx- 
imation and can therefore be dropped. It is legitimate to identify the bare 
couphng constants A with the renormahzed couphng constants A. Note that 
the same renormahzation holds for matrix elements of the axial- vector current. 

We recall the large Nc result (39). The many parameters Fi and SFi in (116) 
are expressed in terms of the seven parameters q and Sci = Ci — Ci — Ci. For 
the readers convenience we provide the axial-vector coupling constants, which 
are most relevant for the pion-nucleon and kaon-nucleon scattering processes, 
in terms of those large Nc parameters 

(Fa + Da) + 1 (ci + Sci) + C2 + 5c2 - a + 5 C3 + C4 , 
-^§(3 Fa + Z^a) + 75 (ci + 5ci + C2 + 6c2-a-3cs + C4) , 
-V2 (Fa -Da)-^ (I (ci + Sci) - C2 - 5c2 + a - C3 + 3C4) , 
2DA + 4^{cl + 5c^) , (118) 



AN) . 



l(A) 

where 



Fa^Fr-^ (|(5ci + Sc2 -a), Da^Dr--^5c,, 
P= \ " • (119) 



— m. 



(N) .(A) 



The result (118) shows that the axial- vector coupling constants A^.]^, A 

A^^^ and A^^, can be fine tuned with Cj in (39) to be off their SU(3) limit 
values. Moreover, the SU(3) symmetric contribution proportional to Fa or Da 
deviate from their corresponding Fr and Dr values relevant for matrix ele- 
ments of the axial-vector current, once non-zero values for Sci^2 are established. 
We recall, however, that the values of Fr, Dr and q arc strongly constrained 
by the weak decay widths of the baryon-octet states (see Tab. 1). Thus the 
SU(3) symmetry-breaking pattern in the axial-vector current and the one in 
the meson-baryon axial- vector coupling constants are closely linked. 

It is left to specify the pseudo-scalar part, P, of the meson-baryon vertices 
introduced in (34). In (113) their effect was encoded into the R and R param- 
eters with R,R F c,a. Applying the large Nc result of (40) we obtain 
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R 



L,ab 



^^L,ab 
R.ab 



4(S(c)) _ , ^ A piBic)) 

^$(7,6) B{I,b) — y''-B{I,b) + mB(c) J B{I,b) ' 



"^S(/,a) + mB(c) ) P<i>(I,b) B{I,a) ' 



R 



<i>(I,h)B{I,a) 



m 

wN 

(N) 
■qN 

KA 



(A) 



p(S) 



(2) 



I ci + C2 + a 



Ij, 4'^^ = -(ici-C2-a)(/3+|) , 
= I ci + C2 + a - /9 (I ci + C2 + a) , 
= (c, + c-2 + a) (/3 + I) , P|^^ = V2 P^^l , 



V3 

1 f 1 ^. 



71 U ^1 + ^2 



2 7 4 

3 Is 



(2/9+1 



P. 



ci + 2c2 + 2a)(/?-l), P|?_^.,s 
2 ci (l - I /?) + 2 C2 + 2 a , 

+ + (2/5+1)' Pg 
-^PrI : P^f = y ci + 3c2 + 3a + /5 (ci + C2 + a) , 
(|ci-C2-a) (/9-l) , (120) 



p{N) 



1 p(A) 



where ~ 1.12 was introduced in (119). The pseudo-scalar meson-baryon ver- 
tices show SU (3) symmetric contribution hnear in j3 q and symmetry-breaking 
terms proportional to q. We emphasize that, even though the physical meson- 
baryon coupling constants, G — A + P, are the sum of their axial-vector 
and pseudo-scalar components, it is important to carefully discriminate both 
types of vertices, because they give rise to quite different behavior for the 
partial-wave amplitudes off the baryon-octet pole. We expect such effects to 
be particularly important in the strangeness sectors since there (120) leads to 
P^'iP ~ m\ to be compared to ~ m^. 

We turn to the decuplet exchange terms -f^ii^[io] ^-i^d ^u-{w] (105). Again 
we write their respective interaction kernels in a form which facilitates the 
identification of their on-shell irreducible parts 



^i-[io](^'^;^) 



^[10] 



(g ■ w){w ■ q) 
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110] 




, 1 / ^ , (c) . g- w \ 1 / , ^ (c) . w • q 



w ■ (g + g) 



(c) 



m 

"■[10] 

Z^ 



[10] 

[10] / ~ N , /- ~N ^ , _(C) 



"J ("^^[10]) 

The index c in (121) labels the decuplet exchange with c (A[io], S[io], 2[io]). 
The dimensionless matrices C\^l^ and C\^t^Q^'' characterize the strength of the 
s-channel and u-channel resonance exchanges respectively. Here we apply the 
notation introduced in (114) also for the resonance-exchange contributions. In 
particular the decuplet coefficients C'^l^ and C^l^^ are determined by 



A = G{Ca) - (m^ - ml) , Co = Co + 5Co , 

AaS-') = V2(-^C2 + V3C3 + ;|Co), 
Ayli?™^ = (73 ^2 - ^ Co + V3 CO , 

^ = ( - 73 ^2 + C3 - ^ Co - Ci ) - C4 , 
A^§"'^ = -^(^ C, + ^ Co) - 2 ^C4 , 
A^f/°'^ = f,{C,- Co) , A^g-') = ^2 - ^ Co , 
A )^_y|(__i.C'2-v^C3-^Co + v^Ci) + V^C4, 
^^|iioi) ^ __i^ c-o - a/3 Ci - ^ (3 C4 + 2 C2) , 
A^f e"^ = ^ C2 - ^ Co - v^Ci + V3 C4 , 
A>lf#°'^ = ^ C2 + V3 C3 + ^ Co + V3 C4 , 

AA^T'^ = 75 C2 + v^Ca - ^ Co - v^C4 , (122) 
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where the SU{3) symmetric contributions G{C) are 




^(^[10]) _ f2 n ^(^[10]) _ ^ ^(^[10]) _ ^ ^(^[10]) _ [2 n 

•-^TrS — "V 3 ^ ) '-^TrA — ) ^r]T, — ^ ) ^KE — ~V 3 ^ ) 

^(=[10]) _ ^ /-y(-[10]) _ ^ ^(-[10]) _ ^ ^(=[10]) _ ^ /'10Q^ 

We recall that at leading order in the 1/Nc expansion the five symmetry- 
breaking parameters Ci introduced in (33) are all given in terms of the q 
parameters (39). The parameter 5Cq ~ Ci — Ci and also implicitly Cr (see 
(37)) probe the Ci parameter introduced in (38). We emphasize that all q 
parameters but C5 are determined to a large extent by the decay widths of the 
baryon octet states and also Ci is constrained strongly by the SU (3) symmetry- 
breaking pattern of the meson-baryon-octet coupling constants (38). 

The baryon octet resonance contributions -^^^''[g] and -^^^[g] require special 
attention, because the way how to incorporate systematically these resonances 
in a chiral SU(3) scheme is not clear. We present first the s-channel and u- 
channel contributions as they follow from (7) at tree-level 



q ■ w 





4 (j(i'C) 

J. (c) q-w] 1 /, (c) w-q 

w ■ (/! + q) 



3^g] 



^^^^ (|(w • g) + (g • w) ^ - migj iii-2{q-q 



+ 7r^2 (^^^ - - 2 (H-^Q- Q))) (124) 

D ("^[9] ) ) 

where the index c (A(1520), Ar(1520), A(1690), S(1680), S(1820)) extends 
over the nonet resonance states. The coefficient matrices C^^"^ and C^^^ are 



constructed by analogy with those of the octet and decuplet contributions 

"(c) — ^B(c) ^B*(c) — ^S(c)- 



(see (109,114)). In particular one has Cg.\ ^ = and = &^,y The 
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coupling constants = G'^(F[9], D[9]) are given in terms of the Fpj and 

D[9] parameters introduced in (7) for all contributions except those for the 
A(1520) and A(1690) resonances 

(3 F[9] + L>[9]) sin 1? + V3 qg] cos 1? , 
-2L)[9] sin??+ ^qg] cost? , 
^ D[9] sin?? + C[9] cos?? , 

(3 F[9] - D[9]) sin ?? - ^[9] cos t? (125) 

-•^1 (3 F[9] + Z^p]) cos?? + V3C[g] sin?? , 
2L>[9] cos?? + ^C[9] sin?? , 

D[9] cos ?? + qg] sin ?? , 
— yi (3 F[g] - ^[g]) COS?? - V3C[g] siu ?? . (126) 

The baryon octet field B* asks for special considerations in a chiral SU(3) 
scheme as there is no straightforward systematic approximation strategy. Given 
that the baryon octet and decuplet states are degenerate in the large Nc hmit, 
it is natural to impose m[io] — m^s] ~ Q- In contrast with that there is no 
fundamental reason to insist on mAr(i52o) "~ f^N ~ Q, ior example. But, only 
with m[g] — m[8] ~ Q is it feasible to establish consistent power counting rules 
needed for the systematic evaluation of the chiral Lagrangian. Note that the 
presence of the baryon octet resonance states in the large Nc hmit of QCD is 
far from abvious. Our opinion differs here from the one expressed in [73,74] 
where the d-wave baryon octet resonance states are considered as part of 
an excited large N^. 70-plet. Recall that reducible diagrams summed by the 
Bethe-Salpeter equation are typically enhanced by a factor of 27i relatively to 
irreducible diagrams. We conclude that there are a priori two possibilities: the 
baryon resonances are a consequence of important coupled-channel dynamics 
or they are already present in the interaction kernel. An expansion in 27r /Nc, 
in our world with Nc = 3, does not appear useful. The fact that baryon res- 
onances exhibit large hadronic decay widths may be taken as an indication 
that the coupled-channel dynamics is the driving mechanism for the creation 
of baryon resonances. Related arguments have been put forward in [75,76]. In- 
deed, for instance the iV(1520) resonance, was successfully described in terms 
of coupled channel dynamics, including the vector-meson nucleon channels as 
an important ingredient [77], but without assuming a preformed resonance 
structure in the interaction kernel. The successful description of the A(1405) 



and 



^(A(1520)) 
^(A(1520)) 
^{A{1520)) 
^(A(1520)) 



^{A{1690)) 

^(A(1690)) 

^(A(1690)) 
'-^rjA 

^(A(1690)) 
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resonance in our scheme (see Fig. 1) supports the above arguments. For a 
recent discussion of the competing picture in which the A(1405) resonance is 
considered as a quark-model state we refer to [78]. 

The description of resonances has a subtle consequence for the treatment of the 
u-channel baryon resonance exchange contribution. If a resonance is formed 
primarily by the coupled channel dynamics one should not include an explicit 
bare u-channcl resonance contribution in the interaction kernel. The then nec- 
essarily strong energy dependence of the resonance self-energy would invalidate 
the use of (124), because for physical energies > tun + tUt^ the resonance 
self-energy is probed far off the resonance pole. Our discussion has non-trivial 
implications for the chiral SU(3) dynamics. Naively one may object that the 
effect of the u-channel baryon resonance exchange contribution in (124) can be 
absorbed to good accuracy into chiral two-body interaction terms in any case. 
However, while this is true in a chiral SU (2) scheme, this is no longer possible 
in a chiral SU (3) approach. This follows because chiral symmetry selects a 
specific subset of all possible yS'J7(3)-symmetric two-body interaction terms at 
given chiral order. In particular one finds that the effect of the Zjg] parameter 
in (124) can not be absorbed into the chiral two-body parameters g'^^\ g'^^^ or 
of (18). For that reason we discriminate two possible scenarios. In scenario 
I we conjecture that the baryon octet resonance states are primarily generated 
by the coupled channel dynamics of the vector-meson baryon-octet channels. 
Therefore in this scenario the u-channel resonance exchange contribution of 
(124) is neglected and only its s-channel contribution is included as a remi- 
niscence of the neglected vector meson channels. Note that this is analogous 
to the treatment of the A(1405) resonance, which is generated dynamically in 
the chiral SU{3) scheme (see Fig. 1). Here a s-channel pole term is generated 
by the coupled channel dynamics but the associated u-channel term is effec- 
tively left out as a much suppressed contribution. In scenario II we explicitly 
include the s- and the u-channel resonance exchange contributions as given in 
(124), thereby assuming that the resonance was preformed already in the large 
Nc limit of QCD and only slightly affected by the coupled channel dynamics. 
Our detailed analyses of the data set clearly favor scenario I. The inclusion of 
the u-channel resonance exchange contributions appears to destroy the sub- 
tle balance of chiral s-wave range terms and makes it impossible to obtain a 
reasonable fit to the data set. Thus all results presented in this work will be 
based on scenario I. Note that in that scenario the background parameter 
drops out completely (see (130)). 

We turn to the quasi-local two-body interaction terms -^[g^jg] and K^^ in (105). 
It is convenient to represent the strength of an interaction term in a given 
channel (/, a) — > (/, b) by means of the dimensionless coupling coefficients 
[C^\,,. The SU{3) structure of the interaction terms C^^^ and C^^^ in (18) 
are characterized by the coefficients Cq\ Ci\ C^]^\ Cp^ and JC^'^^ by Ci\ C*}^' 
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Table 3 

CoefHcients of quasi-local interaction terms in the strangeness zero channels as de- 
fined in (127). 

and Cp^. Similarly the interaction terms (27) which break chiral symmetry 
explicitly are written in terms of the coefficients C^^l, cI^d, C^p and C]^q, 
C?i, C-SJV We have 



<l8] ik. ^; = P ci^' + A'' C^^' + Cff + ,f dj^) 

+ + (127) 
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where the coefficients C are fisted in Tab. 3 for the strangeness zero channel 

and shown in Appendix E for the strangeness minus one channel. A complete 
listing of the quasi-local two-body interaction terms can be found in Ap- 
pendix B. 



^.2 Chiral expansion and covariance 



We proceed and detail the chiral expansion strategy for the interaction kernel 
in which we wish to keep covariance manifestly. Here it is instructive to rewrite 
first the meson energy u^^^ and the baryon energy E^^^ in (102) 



<t>i!\V^ ={Vi- mB(,^)f - m|(,,., , (128) 

in terms of the approximate phase-space factor (paK^/^)- assign ^/s ~ 
g° and 0i^Vv^ ~ Q^- This implies a unique decomposition of the meson 
energy u^^^ in the leading term ^/s — mB{i,a) ~ Q and the subleading term 
—(pl^y {2^/s) ~ Q^. We stress that our assignment leads to mB(i,a) as the 
leading chiral moment of the baryon energy E^^\ We differ here from the 
conventional heavy-baryon formalism which assigns the chiral power Q to the 
full meson energy uj[^\ Consistency with (128), in particular with Ej^^^ = 
^/s — uJ'^\ then results in either a leading chiral moment of the baryon energy 
E'^'> not equal to the baryon mass or an assignment \fsj^ Q^. 

The implications of our relativistic power counting assignment are first exem- 
plified for the case of the quasi-local two-body interaction terms. We derive 
the effective interaction kernel relevant for the s- and p-wave channels 



60 



- ^ M(^) (,r c^f ^ + g'P ci^^ + 4^)) M(^) + o (g) , 

(Vi, 0) = ^ {ml + ml 4i) + ^ (m^ + ml d^],) 

+ ^ (m^ C^J. + mi 4i.) + O {Q^) , (129) 

where we introduced the diagonal baryon mass matrix = 5ab mB{i,a)- Our 
notation in (129) impUcs a matrix multiplication of the mass matrix M(^) by 
the coefficient matrices C*^^-* in the 'a6' channel-space. Recall that the d-wave 
interaction kernel Vjg|jgj''(A/i, 1) does not receive any contribution from quasi- 
local counter terms to chiral order Q^. Similarly the chiral symmetry-breaking 
interaction kernel can only contribute to s-wave scattering to this order. 
We point out that the result (129) is uniquely determined by expanding the 
meson energy according to (128). In particular we keep in V^^^'^\^/s, 0) the ^/s 
factor in front of g'^^^ We refrain from any further expansion in ^/s — A with 
some scale A ~ mAr. The relativistic chiral Lagrangian supplied with (128) 
leads to well defined kinematical factors included in (129). These kinematical 
factors, which are natural ingredients of the relativistic chiral Lagrangian, can 
be generated also in the heavy-baryon formalism by a proper regrouping of 
interaction terms. The Q'^-terms induced by the interaction kernel (127) are 
shown in Appendix B as part of a complete collection of relevant Q^-terms. 

Next we consider the Weinberg- Tomozawa term and the baryon octet and 
decuplet s-channel pole contributions 



vSf (x/i; 0) = ^ (v^ c;;.!r T i [mw , c<;,^; 

c=l 



4/2(V^±m[8j, 
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c=i 6{m^^Q^y 
+ i:4o,^^te^(v/5-M'")g^(v/5-M.'.) 

c=l D l^Artj-^QjJ J 



+ 0(<3'') , 



v^^ ( V;; 0) = E ^ ( + (')) ^ + M(") 

c=l <J '^[lO] 

-i:4o,^f^(V5 + M<'))^(y5 + M.'.) 

c=i Di^mj^Qjj J 

+ 0{Q) , 



<i c=i 4/2(^-m[i^]) 



c=i 4/2(^-m[g]^) 
where we suppressed terms of order and introduced: 



= <^a6 + <at) • (131) 

The Weinberg- Tomozawa interaction term Vwt contributes to the s-wave and 
p-wave interaction kernels with J = | to chiral order Q and respectively 
but not in the ^ = | channels. Similarly the baryon octet s-channcl exchange 
Vs-[8] contributes only in the </ = | channels and the baryon decuplet s- 
channel exchange V^_[io] to all considered channels but the d-wave channel. 
The Q^-terms not shown in (130) are given in Appendix B. In (130) we ex- 
panded also the baryon-nonet resonance contribution applying in particular 
the questionable formal rule y/s — m^g] ~ Q. To order Q^' one then finds that 
only the d-wave interaction kernels are affected. In fact, the vanishing of all 
contributions except the one in the d-wave channel does not depend on the 
assumption ^/s — m[g] ~ Q. It merely reflects the phase space properties of 
the resonance field. We observe that our strategy preserves the correct pole 
contribution in V^[^ {^/s■, —1) but discards smooth background terms in all 
partial-wave interaction kernels. That is consistent with our discussion of sec- 
tion 4.1 which implies that those background terms are not controlled in any 
case. We emphasize that we keep the physical mass matrix M*^^) rather than 
the chiral SU (3) limit value in the interaction kernel. Since the mass matrix 
follows from the on-shell reduction of the interaction kernel it necessarily in- 
volves the physical mass matrix M^-^\ Similarly we keep M^^^ unexpanded 
since only that leads to the proper meson-baryon coupling strengths. This 
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procedure is analogous to keeping the physical masses in the unitarity loop 
functions Jmb{w) in (80). 

We proceed with the baryon octet and baryon decuplet u-channel contri- 
butions. After performing their proper angular average as implied by the 

partial-wave projection in (102) their contributions to the scattering kernels 
are written in terms of matrix valued functions /i^±(y^, m), g^2(-\/^) ^) ^^^d 
Pnl{Vs,m) as 



K-[t](Vi;n) 


ab 


4 

=E 

c=l 


1 

4/2 


^[8] 


ab 




ab 




ab 


3 

=E 

c=l 


1 

4/2 


<-[10] . 


ab 


Pn±(\/S,"^[li]) 


ab 


K-[t](Vi;n) 


ab 


4 

=E 

c=l 


1 

4/2 


^[9] . 


ab 


?n±(^,"^[9]) 


ab 



The functions hnl.{^/s^m)^qn].{^/s^m) and p„^(y^, m) can be expanded in 
chiral powers once we assign formal powers to the typical building blocks 



A«±,a&(«> = "^B(/,a) + "^B(7,6) - ^/s ± m . (133) 

We count ~ Q and /x+ ~ Q'^ but refrain from any further expansion. Then 
the baryon octet functions hn±{\fs-,'m) to order read 



s-mB(j,fe)) (v/i-mB(j,„))0P(g) 



(I) r \ (I) t \ (I) ( \ W t \ 



ab 



+ l_i^i\^{s,m) 



(R) 



8 mB(j,a) mBii,b) \ m + M^f, 



2 (m + M^^))(m + Mif; ^ ^ 
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h[l{\/s,m) 



+ 77 





(134) 



2 if^-lbis,m)f {fx^^l^{s,m)f 



where we introduced M^J;^ = ms^i^a) + R^'al and M^f^ = rnB(i,b) + Rnlab- The 



terms of order can be found in Appendix G where we present also the 
analogous expressions for the decuplet and baryon-octet resonance exchanges. 
We emphasize two important points related to the expansion in (134). First, it 
leads to a separable interaction kernel. Thus the induced Bethe-Salpeter equa- 
tion is solved conveniently by the covariant projector method of section 3.4. 
Secondly, such an expansion is only meaningful in conjunction with the renor- 
malization procedure outlined in section 3.2. The expansion leads necessarily 
to further divergencies which require careful attention. 

We close this section with a more detailed discussion of the u-channel ex- 
change. Its non-local nature necessarily leads to singularities in the partial- 
wave scattering amplitudes at subthreshold energies. For instance, the expres- 
sions (134) as they stand turn useless at energies ^ ~ '>TiB{i,a)+'>TT'B{i,b)~^ due 
to unphysical multiple poles at /x_ = 0. One needs to address this problem, be- 
cause the subthreshold amplitudes are an important input for the many-body 
treatment of the nuclear meson dynamics. We stress that a singular behav- 
ior in the vicinity of ~ is a rather general property of any u-channel 
exchange contribution. It is not an artifact induced by the chiral expansion. 
The partial-wave decomposition of a u-channel exchange contribution repre- 
sents the pole term only for sufficiently large or small ^/s. To be explicit we 
consider the u-channel nucleon pole term contribution of elastic ttN scattering 



where = 2 mjv — ^/s ±mAr. Upon inspecting the branch points induced by 
the angular average one concludes that the partial wave decomposition (135) 
is valid only if ^/s > A_(_ or ^/s < A_ with A± = rriN ± Tn^/niN + 0{Q^). For 
any value in between, A_ < ^/s < A_|_, the partial- wave decomposition is not 
converging. We therefore adopt the following prescription for the w-channel 
contributions. The unphysical pole terms in (134) are systematically replaced 




(135) 



by 




± (((m - mB{i,b)f 



^1(1, a)) {{rn - mB(i,a)f 



) 



) 



1/2 
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+ (/^::a.(Ai:\H)' 



v^-Al 



06 



A(+) _ a(-) 



(136) 



for A^'^^ < ^/s < A^j^^ but kept unchanged for ^/s > A^^^ or ^/s < A^^-* in 
a given channel (a,b). The prescription (136) properly generalizes the SU{2) 
sector result A± ~ mN^rn^/mN to the SU{3) sector. We underline that (136) 
leads to regular expressions for h±n{y/s, m) but leaves the u-channel pole con- 
tributions unchanged above threshold. The reader may ask why we impose 
such a prescription at all. Outside the convergence radius of the partial-wave 
expansion the amplitudes do not make much sense in any case. Our prescrip- 
tion is nevertheless required due to a coupled-channel effect. To be specific, 
consider for example elastic kaon-nucleon scattering in the strangeness mi- 
nus one channel. Since there are no u-channel exchange contributions in this 
channel the physical partial-wave amplitudes do not show any induced singu- 
larity structures. For instance in the vrS vrS channel, on the other hand, 
the u-channel hyperon exchange does contribute and therefore leads through 
the coupling of the KN and ttE channels to a singularity also in the KN 
amplitude. Such induced singularities are an immediate consequence of the 
approximate treatment of the u-channel exchange contribution and must be 
absent in an exact treatment. As a measure for the quality of our prescription 
we propose the accuracy to which the resulting subthreshold forward kaon- 
nucleon scattering amplitudes satisfies a dispersion integral. We return to this 
issue in the result section. 



4.3 SU{3) dynamics in the S — 1 channels 



We turn to the i^+-nucleon scattering process which is related to the K~- 
nucleon scattering process by crossing symmetry. The scattering amplitudes 
Tkn^kj^ follow from the X^-nucleon scattering amplitudes T^lf_,x]sf via the 
transformation 



-q,-q;w-q-q) 



+ 2 ^rI-^kn(-^^ -q;w-q-q) , 



Tkn^kn{Q, 9; w) = +^ T^^^j^^i-q, -q;w-q-q) 



+ 2 Trn^kn^-^^ -q;w-q-q) 



(137) 
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It is instructive to work out the implication of crossing symmetry for the 
kaon-nucleon scattering ampUtudes in more detail. We decompose the on-shell 
scattering amplitudes into their partial-wave amplitudes: 



oo 



n=0 



CXD 



n=0 



where we suppressed the on-shell nucleon spinors. The crossing identity (137) 
leads to 



"^2 V 



n=0 

1 /: 



-1 2 2 
777- TTt 

E^-V^+ ^ ^ ^ , ii = 2m^ + 2m^-s + 2p^^(l-cos6()L99) 
z 2 yii 



where 



Mg;,^) ( V^; n) = +\ Mp^^ ( V^; n) + ^ M^^'^^ ( V^; n) . (140) 

Note that Yj;_'^\q, q; w) = Yn{—q,—q;w — q — q) was introduced already in (76). 
The partial-wave amphtudes of the X^-nucleon system can now be deduced 
from (139) using (102). 

We proceed with two important remarks. First, if the solution of the coupled- 
channel Bethe-Salpeter equation of the /^"-nucleon system of the previous 
sections is used to construct the X^-nucleon scattering amplitudes via (139) 
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Table 4 

Weinberg- Tomozawa interaction strengths and baryon exchange coefficients in the 
strangeness plus one channels as defined in (121). 



one finds real partial-wave amplitudes in conflict with unitarity. And sec- 
ondly, in any case our A'^-nucleon scattering amplitudes must not be applied 
far below the i^'~-nucleon threshold. The first point is obvious because in the 
ii'"'"-nucleon channel only two-particle irreducible diagrams are summed. Note 
that the reducible diagrams in the KN sector correspond to irreducible con- 
tributions in the KN sector and vice versa. Since the interaction kernel of the 
KN sector is evaluated perturbatively it is clear that the scattering amplitude 
does not include that infinite sum of reducible diagrams required for unitar- 
ity in the crossed channel. The second point follows, because the chiral SU (3) 
Lagrangian is an effective field theory where the heavy-meson exchange contri- 
butions are integrated out. It is important to identify the applicability domain 
correctly. Inspecting the singularity structure induced by the light t-channel 
vector meson exchange contributions one observes that they, besides restrict- 
ing the applicability domain with ^/s < + + \Jm\ + m'^/A ~ 1640 
MeV from above, induce cut-structures in between the K^ and i^^-nucleon 
thresholds. This will be discussed in more detail below. Though close to the 
K'^ and X^-nucleon thresholds the tree- level contributions of the vector meson 
exchange are successfully represented by quasi-local interaction vertices, basi- 
cally the Weinberg- Tomozawa interaction term, it is not justified to extrapo- 
late a loop evaluated with the effective i^'-nucleon vertex down to the K~^- 
nucleon threshold. We conclude that one should not identify our X^-nucleon 
scattering amplitudes with the Bethe-Salpeter kernel of the X^-nucleon sys- 
tem. This would lead to a manifestly crossing symmetric approach, a so-called 
'parquet' approximation, if set up in a self consistent manner. We reiterate 
the fatal drawback of a parquet type of approach within our present chiral 
framework: the X^-nucleon amplitudes would be probed far below the KN 
threshold at ^/s c:^ itln — itlk outside their validity domain. A clear signal for 
the unreliability of the fC^-nucleon scattering amplitudes at ^/s ~ rriisf — rriK 
is the presence of unphysical pole structures which typically arise at ^/s < 700 
MeV. For example, the Fig. 1 of section 4.3 would show unphysical pole struc- 
tures if extended for a/s < 1 GeV. 

For the above reasons we evaluate the i^^-nucleon interaction kernel perturba- 
tively from the chiral Lagrangian. Equivalently the interaction kernels, Vkn, 
could be derived from the i^~-nucleon interaction kernels V/^^ by applying 
the crossing identities (137). The interaction kernels VKN{\/s',n) in the K'^- 
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Table 5 

Coefficients of quasi-local interaction terms in the strangeness plus one channels as 
defined in (127). 

nucleon channel are given by (129,130,132) with the required coefficients fisted 
in Tab. 4 and Tab. 5. By analogy with the treatment of the X^-nucleon scat- 
tering process we take the i^+-nucleon interaction evaluated to chiral order 
as input for the Bethe-Salpeter equation. Again we consider only those Q^- 
correction terms which are leading in the l/N^ expansion. The partial- wave 
scattering amplitudes M^^'^\^]n) then follow 



M^i'^\^s-n) = ,,!f'^^^^72 (141) 



where the loop functions J^Niy/s'^n) are given in (101) with mB(i,a) — n^N 
and m$(/_(j) = rriK- The subtraction point fj,^^^ is identified with the averaged 
hyperon mass //^^^ = {itia + ms)/2. 

We point out that in our scheme we arrive at a crossing symmetric amplitude 
by matching the amplitudes M^]^^(y^, n) and M^^'^\^/s, n) at subthreshold 
energies. The matching interval must be chosen so that both the and K~ 
amplitudes are still within their validity domains. A complication arises due 
to the light vector meson exchange contributions in the t-channel, which we 
already identified above to restrict the validity domain of the present chiral 
approach. To be explicit consider the t-channcl uj exchange. It leads to a 
branch point at = A^ with A^ = (m^ — m^/4)^/^ + (m|- — m^/4)^/^ ~ 
1138 MeV. Consequently, one expects the partial- wave and -amplitudes 
to be reliable for ^/s > only. That implies, however, that in the crossed 
channel the amplitude is needed for ^/s > (2 m% - Al + 2m^)i/2 ^ gyg ^eV 
< Aj^. One may naively conclude that crossing symmetry appears outside the 
scope of our scheme, because the matching window is closed. Note that the 
minimal critical point Aopt needed to open the matching window is 



Aopt. ^ \/m% + ml ~ lOeiMeV . (142) 

It is determined by the condition s = u at cos 9 = 1. We conclude that match- 
ing the K'^ and K~ amplitudes requires that both amplitudes are within 
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their applicability domain at ^/s = Aopt.- The point -y/i = Aopt. is optimal, 
because it identifies the minimal reliability domain required for the matching 
of the subthreshold amplitudes. We note that the complication implied by 
the t-channel vector meson exchanges could be circumvented by reconstruct- 
ing that troublesome branch point explicitly; after all it is determined by a 
tree-level diagram. On the other hand, it is clear that one may avoid this com- 
plication altogether if one considers the forward scattering amplitudes only. 
For the latter amplitudes the branch cut at ^/s = cancels identically and 
consequently the forward scattering amplitudes should be reliable for energies 
smaller than A^^ also. For that reason, we demonstrate the matching for our 
forward scattering amplitudes only. We reconstruct the approximate forward 
scattering amplitudes T^n{s) in terms the partial- wave amplitudes included 
in our work 



+ 4^ i '^f -VS] Pl.Mi{,-\V-s; !) + •••, (143) 

^ys \ 2mN 



where ^/s = \/m% + pj^^ + \/mj^ + Px^- The analogous expression holds for 
■ kn'< 



T^^(s). The crossing identities for the forward scattering amplitudes 



= +1 4°i(2 m% + 2m'^-s) + ^ T^^l{2 m% + 2ml-s) (144) 

are expected to hold approximatively within some matching window centered 
around y/s ~ Aopt- A further complication arises due to the approximate 
treatment of the u-channel exchange contribution in the X'^A'^-channel. Since 
the optimal matching point Aopt. is not too far away from the hyperon poles 
with Aopt. ~ ''TiA,ms it is advantageous to investigate approximate crossing 
symmetry for the hyperon-pole term subtracted scattering amplitudes. 

We would like to stress that the expected approximate crossing symmetry is 
closely linked to our renormalization condition (70). Since all loop functions 
■J^'^KV^iiT') vanish close to y/s = {m\ + m^l2 by construction, the and 
K~ amplitudes turn perturbative sufficiently close to the optimal matching 
point Aopt.. Therefore the approximate crossing symmetry of our scheme fol- 
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lows directly from the crossing symmetry of the interaction kernel. In the 
result section our final K^N amplitudes are confronted with the expected 
approximate crossing symmetry. 

Finally we observe that for pion-nucleon scattering the situation is rather dif- 
ferent. Given the rather small pion mass, the t-channel vector meson exchange 
contributions do not induce singularities in between the 7r+ and 7r~-nucleon 
thresholds but restrict the applicability domain of the chiral Lagrangian to 
^/s < + my A + + ~ 1420 MeV. The approximate crossing 

symmetry follows directly from the perturbative character of the pion-nucleon 
sector. 



5 Results 

In this section we present the many results of our detailed chiral SU{2>) analy- 
sis of the low-energy meson-baryon scattering data. We refer to our theory as 
the x-BS(3) approach for chiral Bethe-Salpeter dynamics of the flavor SU{Z) 
symmetry. Before delving into details we briefly summarize the main features 
and crucial arguments of our approach. We consider the number of colors {N^ 
in QCD as a large parameter relying on a systematic expansion of the inter- 
action kernel in powers of l/N,.. The coupled-channel Bethe-Salpeter kernel 
is evaluated in a combined chiral and l/N^ expansion including terms of chi- 
ral order Q^. We include contributions of s and u-channel baryon octet and 
decuplet states explicitly but only the s-channel contributions of the d-wave 
— \ baryon nonet resonance states. Therewith we consider the s-channel 
baryon nonet contributions to the interaction kernel as a reminiscence of fur- 
ther inelastic channels not included in the present scheme like for example 
the K or K^N channel. We expect all baryon resonances, with the im- 
portant exception of those resonances which belong to the large Nc baryon 
ground states, to be generated by coupled channel dynamics. Our conjecture 
is based on the observation that unitary (reducible) loop diagrams are typ- 
ically enhanced by a factor of 27r close to threshold relatively to irreducible 
diagrams. That factor invahdates the perturbative evaluation of the scattering 
amplitudes and leads necessarily to a non-perturbative scheme with reducible 
diagrams summed to all orders. 

We are painfully aware of the fact that in our present scheme the explicit inclu- 
sion of the baryon resonance nonet states is somewhat leaving the systematic 
chiral framework, in the absence of a controlled approximation scheme. An 
explicit baryon resonance contribution is needed because there exist no reli- 
able phase shift analyses of the antikaon-nucleon scattering process so far, in 
particular at low energies. Part of the empirical information on the p-wave 
amplitudes stems from the interference effects of the p-wave amplitudes with 
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the A(1520) resonance amplitude. The A(1520) resonance is interpreted as a 
SU{3) singlet state with a small admixture of a resonance octet state. We 
stress that the s- and p-wave channels are not affected by the baryon nonet 
states directly, because we discard the nonet u-channel contributions in accor- 
dance with our arguments concerning resonance generation. As a consequence 
all s- and p-channels are treated consistently within the chiral framework. 
We do not include further resonance fields in the p-wave channels, because 
those are not required at low energies and also because they would destroy 
the fundamental chiral properties of our scheme. Ultimately we expect those 
resonances to be generated by an extended coupled channel theory also. 

The scattering amplitudes for the meson-baryon scattering processes are ob- 
tained from the solution of the coupled channel Bethe-Salpeter scattering 
equation. Approximate crossing symmetry of the amplitudes is guaranteed 
by a renormalization program which leads to the matching of subthreshold 
amplitudes. We first present a complete collection of the parameters as they 
are adjusted to the data set. In the subsequent sections we report on details 
of the fit strategy and confront our results with the empirical data. The re- 
sult section is closed with a detailed analysis of our scattering amplitudes, 
demonstrating their good analyticity properties as well as their compliance 
with crossing symmetry. 



5. 1 Parameters 

The set of parameters is well determined by the available scattering data 
and weak decay widths of the baryon octet states. Typically a data point is 
included in the analysis if piab < 350 MeV. There exist low-energy elastic and 
inelastic K~p cross section data including in part angular distributions and 
polarizations. We include also the low-energy differential K'^p —>■ K^p cross 
sections in our global fit. The empirical constraints set by the 7i'"'"-deuteron 
scattering data above piab > 350 MeV are considered by requiring a reasonable 
matching to the single energy 5*01 and Pqs phase shifts of [79]. That resolves an 
ambiguity in the parameter set. Finally, in order to avoid the various multi- 
energy ttA^ phase shifts imperspicuous close to threshold, we fit to the single- 
energy phase shifts of [80]. This will be discussed in more detail below. We 
aim at a uniform quality of the data description. Therefore we form the per 
data point in each sector and add those up to the total which is minimized 
by the search algorithms of Minuit [81]. In cases where the empirical error 
bars are much smaller than the accuracy to which we expect the x-BS(3) to 
work to the given order, we artificially increase those error bars in our global 
fit. In Tab. 6-9 we present the parameter set of our best fit to the data. Note 
that part of the parameters are predetermined to a large extent and therefore 
fine tuned in a small interval only. 
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/ [MeV] 


Cr 


Fr 


Dr 


90.04 


1.734 


0.418 


0.748 



Table 6 

Leading chiral parameters which contribute to meson-baryon scattering at order Q. 

A qualitative understanding of the typical strength in the various channels 
can be obtained already at leading chiral order Q. In particular the A (1405) 
resonance is formed as a result of the coupled-channel dynamics defined by 
the Weinberg- To mozawa interaction vertices (see Fig. 1). There are four pa- 
rameters relevant at that order /, Cr, Fr and Dr. Their respective values as 
given in Tab. 6 are the result of our global fit to the data set including all 
parameters of the x-BS(3) approach. At leading chiral order the parameter 
/ determines the weak pion- and kaon-decay processes and at the same time 
the strength of the Weinberg- Tomozawa interaction vertices. To subleading 
order the Weinberg- Tomozawa terms and the weak-decay constants of the 
pseudo-scalar meson octet receive independent correction terms. The result 
/ ~ 90 MeV is sufficiently close to the empirical decay parameters /^r ^ 92 A 
MeV and Jk — 113.0 MeV to expect that the correction terms lead indeed 
to values rather close to the empirical decay constants. Our value for / is con- 
sistent with the estimate of [40] which lead to /tt// = 1.07 ±0.12. The baryon 
octet and decuplet s- and u-channel exchange contributions to the interaction 
kernels are determined by the Fr, Dr and Cr parameters at leading order. 
Note that Fr and Dr predict the baryon octet weak-decay processes and Cr 
the strong decay widths of the baryon decuplet states to this order also. 

A quantitative description of the data set requires the inclusion of higher order 
terms. Initially we tried to establish a consistent picture of the existing low- 
energy meson-baryon scattering data based on a truncation of the interaction 
kernels to chiral order Q^. This attempt failed due to the insufficient quality 
of the kaon-nucleon scattering data at low energies. In particular some of the 
inelastic X^-proton differential cross sections are strongly influenced by the d- 
wave A(1520) resonance at energies where the data points start to show smaller 
error bars. We conclude that, on the one hand, one must include an effective 
baryon-nonet resonance field and, on the other hand, perform minimally a 
chiral analysis to extend the applicability domain to somewhat higher 
energies. Since the effect of the d-wave resonances is only necessary in the 
strangeness minus one sector, they are only considered in that channel. The 
resonance parameters will be presented when discussing the strangeness minus 
one sector. 

At subleading order the chiral SU{3) Lagrangian predicts the relevance of 
12 basically unknown parameters, g^^\ g'^^\ g'^'^^ and Z[io], which all need to 
be adjusted to the empirical scattering data. It is important to realize that 
chiral symmetry is largely predictive in the SU{3) sector in the sense that 
it reduces the number of parameters beyond the static SU (3) symmetry. For 
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0.293 


#[GeV-i] 


-0.198 




1.106 


Z[io] 


0.719 




1.240 


<??^[GeV-i] 


-0.853 




1.607 







Table 7 

Chiral Q^-parameters resulting from a fit to low-energy meson-baryon scattering 
data. Further parameters at this order are determined by the large Nc sum rules. 

example one should compare the six tensors which result from decomposing 
8(g)8 = l©85©8A®10©T0©27 into its irreducible components with the 
subset of SU(3) structures selected by chiral symmetry in a given partial wave. 
Thus static SU{3) symmetry alone would predict 18 independent terms for 
the s-wave and two p-wave channels rather than the 11 chiral background 
parameters, g^^\g^^^ and g^'^\ In our work the number of parameters was 
further reduced significantly by insisting on the large Nc sum rules 



for the symmetry conserving quasi-local two body interaction terms (see (21)). 
In Tab. 7 we collect the values of all free parameters as they result from our 
best global fit. All parameters are found to have natural size. This is an impor- 
tant result, because only then is the application of the chiral power counting 
rule (5) justified. We point out that the large Nc sum rules derived in section 
2 imphcitly assume that other inelastic channels hke K or N are not 
too important. The effect of such channels can be absorbed to some extent 
into the quasi-local counter terms, however possibly at the prize that their 
large Nc sum rules are violated. It is therefore a highly non-trivial result that 
we obtain a successful fit imposing (7). Note that the only previous analysis 
[19], which truncated the interaction kernel to chiral order but did not 
include p- waves, found values for the s-wave range parameters largely incon- 
sistent with the large Nc sum rules. This may be due in part to the use of 
channel dependent cutoff parameters and the fact that that analysis missed 
octet and decuplet exchange contributions, which are important for the s-wave 
interaction kernel already to chiral order Q^. 

The parameters bo, bo and bp to this order characterize the explicit chiral 
symmetry-breaking effects of QCD via the finite current quark masses. The 
parameters bo and bp are well estimated from the baryon octet mass split- 
ting (see (28)) whereas bo must be extracted directly from the meson-baryon 
scattering data. It drives the size of the pion-nucleon sigma term for which 
conflicting values are still being discussed in the literature [53]. Our values 

6o = -0.346 GeV-\ 6d = 0.061 GeV-\ 6^ = -0.195 GeV-\ (145) 

are rather close to values expected from the baryon octet mass splitting (28). 
The pion-nucleon sigma term a^^^ if evaluated at leading chiral order Q"^ (see 
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-0.129 


/ig^[GeV-3] 


-0.548 




0.174 


/ig^[GeV-2] 


-0.221 



Table 8 



Chiral Q -parameters resulting from a fit to low-energy mcson-baryon scattering 
data. Further parameters at this order are determined by the large Nc sum rules. 

(31)) would be aj^N — 32 MeV. That value should not be compared directly 
with a^j-N as extracted usually from pion-nucleon scattering data at the Cheng- 
Dashen point. The required subthreshold extrapolation involves further poorly 
convergent expansions [53]. Here we do not attempt to add anything new to 
this ongoing debate. We turn to the analogous symmetry-breaking parame- 
ters do and do for the baryon decuplet states. Like for the baryon octet states 
we use the isospin averaged empirical values for the baryon masses in any 
u-channel exchange contribution. That means we use mj^j = 1232.0 MeV, 

"^[10] ~ 1384.5 MeV and mio^ = 1533.5 MeV in the decuplet exchange ex- 
pressions. In the s-channel decuplet expressions we use the slightly different 
values nii^^ = 1223.2 McV and m^Q^ — 1374.4 MeV to compensate for a small 
mass renormalization induced by the unit arizat ion. Those values are rather 
consistent with djj — —0.49 GeV~^ (see (28)). Moreover note that all values 
used are quite compatible with the large sum rule 

ho + bp ^ do/^ ■ 

The parameter do is not determined by our analysis. Its determination required 
the study of the meson baryon-decuplet scattering processes. 

At chiral order the number of parameters increases significantly unless fur- 
ther constraints from QCD are imposed. Recall for example that [82] presents 
a large collection of already 102 chiral interaction terms. A systematic ex- 
pansion of the interaction kernel in powers of l/iV^ leads to a much reduced 
parameter set. For example the l/N^ expansion leads to only four further pa- 
rameters h^p\ h^^\ hp^ and hp^ describing the refined symmetry-conserving 
two-body interaction vertices. This is to be compared with the ten parame- 
ters established in Appendix B, which were found to be relevant at order 
if large sum rules are not imposed. In our global fit we insist on the large 
Nc sum rules 

/i«=2/i?)=4/igV3, M'^ = /^g^ = 0, M'^=/^g^=0. 

Note that at order Q'^ there arc no symmetry-breaking 2-body interaction ver- 
tices. To that order the only symmetry-breaking effects result from the refined 
3-point vertices. Here a particularly rich picture emerges. At order we es- 
tablished 23 parameters describing symmetry-breaking effects in the 3-point 
mcson-baryon vertices. For instance, to that order the baryon-octet states may 
couple to the pseudo-scalar mesons also via pseudo-scalar vertices rather than 
only via the leading axial-vector vertices. Out of those 23 parameters 16 con- 
tribute at the same time to matrix elements of the axial- vector current. Thus 
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Cl 


-0.0707 


C2 


-0.0443 


C3 


0.0624 


C4 


0.0119 


C5 


-0.0434 


Cl 


0.0754 


C2 


0.1533 


6ci 


0.0328 


dC2 


-0.0043 


a 


-0.2099 



Table 9 

Chiral Q^-parameters, which break the SU{3) symmetry exphcitly, resulting from 
a fit to low-energy meson-baryon scattering data. 

in order to control the symmetry breaking effects, it is mandatory to include 
constraints from the weak decay widths of the baryon octet states also. A 
detailed analysis of the 3-point vertices in the 1/Nc expansion of QCD reveals 
that in fact only ten parameters 01^2,3,4,5, <5ci 2 and Ci_2 and a, rather than 
the 23 parameters, are needed at leading order in that expansion. Since the 
leading parameters Fr, D^i together with the symmetry-breaking parameters 
Ci describe at the same time the weak decay widths of the baryon octet and 
decuplet ground states (see Tab. 1,10), the number of free parameters does 
not increase significantly at the level if the large Nc hmit is applied. 

We conclude that the parameter reduction achieved in this work by insisting 
on chiral and large Nc sum rules is significant. It is instructive to recall that 
for instance the analysis by Kim [12], rather close in spirit to modern effective 
field theories, required already 44 parameters in the strangeness minus one 
sector only. As was pointed out in [83] that analysis, even though troubled 
with severe shortcomings [84], was the only one so far which included s- and 
p-waves and still reproduced the most relevant features of the subthreshold 
KN amplitudes. We summarize that a combined chiral and large analysis 
leads to a scheme with a reasonably small number of parameters at the 
level. 



5.2 Axial-vector coupling constants 

The result of our global fit for the axial- vector coupling constants of the baryon 
octet states are presented in Tab. 1. The six data points, which strongly con- 
strain the parameters Fr, Dr and Ci^2,3,4, are well reproduced. Note that the 
recent measurement of the decay process S° — > e~ by the KTeV experi- 
ment does not provide a further stringent constraint so far [85,86]. The axial- 
vector coupling constant of that decay 5'a(S'^ S+ e~ z/g) = ^/^9a^~ 
S'^ e~ Ue) is related to the decay process S~ S° z/g included in Tab. 10 by 
isospin symmetry. The value given in [86] is QaC^^ S"*" e~ Ug) = 1.23 ± 0.44. 
As emphasized in [86] it would be important to reduce the uncertainties 
by more data taking. We confirm the result of [57] which favors values for 
(7a(S~ S° z/g) and (7^(2" — ^ Ae^z/g) which are somewhat smaller than 
the central values given in Tab. 1. This is a non-trivial result because in our 
approach the parameters Ci ^2,3,4 are constrained not only by the weak decay 
processes of the baryon octet states but also by the meson-baryon scattering 
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Table 10 

Axial-vector coupling constants for the weak decay processes of the baryon octet 
states. The empirical values for are taken from [57]. Here we do not consider 
small SU{3) symmetry-breaking effects of the vector current. The column labelled 
by SU(3) shows the axial-vector coupling constants as they follow from Fr = 0.47 
and Dr = 0.79 and Cj = 0. 

data. 



5.3 Meson-baryon coupling constants 



We turn to the meson-baryon coupling constants. To subleading order the 
Goldstone bosons couple to the baryon octet states via axial-vector but also 
via suppressed pseudo-scalar vertices (see (34)). In Tab. 11 we collect the 
results for all the axial- vector meson-baryon coupling constants, and 
their respective pseudo-scalar parts ■ The SU{3) symmetric part of the 
axial- vector vertices is characterized by parameters Fa and Da 



Fa^ Fr - [1 5ci + 5c2- a) ^ 0.270, 



Da = D 



R 



JL 

V3 



5ci = 0.726 , 



(146) 



where (3 ~ 1.12. To subleading order the parameters Fa and Da differ from 
the corresponding parameters Fr = 0.418 and Dr = 0.748 relevant for matrix 
elements of the axial-vector current (see Tab. 1) by a sizeable amount. The 
SU (3) symmetry-breaking effects in the axial- vector coupling constants A are 
determined by the parameters q, which are already tightly constrained by the 
weak decay widths of the baryon octet states, Sci^2 and a. Similarly the four 
parameters Ci^2 and a characterize the pseudo-scalar meson-baryon 3-point 
vertices. Their symmetric contributions are determined by Fp and Dp 
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-0.09 


0.01 


0.13 



Table 11 



Axial-vector (A) and pseudo-scalar (P) meson-baryon coupling constants for the 
baryon octet states. The row labelled by SU(3) gives results excluding SU(3) 
symmetry-breaking effects with Fa = 0.270 and Da = 0.726. The total strength of 
the on-shell meson-baryon vertex is determined by G = ^ -|- P. 

Fp = --^(|ci + C2 + a) = 0.004, Dp = --^ ci = -0.049 . (147) 

Note that in the on-shell couphng constants G — A + P the parameter a drops 
out. In that sense that parameter should be viewed as representing an effec- 
tive quasi-local 2-body interaction term, which breaks the SU (3) symmetry 
explicitly. 

We emphasize that our meson-baryon coupling constants are strongly con- 
strained by the axial-vector coupling constants. In particular we reproduce a 
sum rule derived first by Dashen and Weinstein [87] 



gI^n -\/SgA{n^pe Ve) = (cf^ - ^^(S ^ ne v^)) 

-^{^fN-'^9A{K^pe-v:)). (148) 

We observe that, given the expected range of values for g^NN, Qrnk ^^'^ 
9k NT. together with the empirical axial- vector coupling constants, the Dashen- 
Weinstein relation strongly favors a small / parameter value close to 

In Tab. 12 we confront our results with a representative selection of published 
meson-baryon coupling constants. For the clarity of this comparison we recall 
here the connection with our convention 



rriN ^{N) _ mN + rriA (a) _ niA + mj: (a) 

^ttAT ) QkNK— y/gy KN^ S'ttAE — \/T2/ 



Further values from previous analyses can be found in [3] . Note also the inter- 
esting recent results within the QCD sum rule approach [92,93] and also [94]. 
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Table 12 

On-shell meson-baryon coupling constants for the baryon octet states (see (149)). 
We give the central values only because reliable error analyses are not available in 
most cases. 

We do not confront our values with those of [92,93] and [94] because the SU (3) 
symmetry-breaking effects are not yet fully under control in these works. The 
analysis [88] is based on nucleon-nucleon and hyperon-nucleon scattering data 
where SU{3) symmetry breaking effects in the meson-baryon coupling con- 
stants are parameterized according to the model of [95]. The values given in 
[16,89,90] do not allow for SU{3) symmetry-breaking effects and moreover 
rely on SU (6) quark-model relations. Particularly striking are the extreme 
SU{3) symmetry- breaking effects claimed in [18]. The parameters result from 
a K-matrix fit to the phase shifts of K~N scattering as given in [14]. We do 
not confirm these results. Note also the recent analysis [96] which deduces the 
value SfTrAE = 12.9 ± 1.2 from hyperonic atom data, a value somewhat larger 
than our result of 10.4. For the most recent and accurate pion-nucleon cou- 
phng constant Qt^nn — 13.34 ± 0.09 we refer to [97]. We do not compete with 
the high precision and elaborate analyses of this work. 

In Tab. 13 we collect our results for the meson-baron coupling constants of 
the decuplet states. Again we find only moderate SU{?>) symmetry-breaking 
effects in the coupling constants. This is demonstrated by comparing the two 
rows of Tab. 13. The SU(3) symmetric part is determined by the parameter 

Ca 



Ca^Cr-2^{ci + 5ci) = 1.593 . (150) 

We find that the coupling constants given in (13) should not be used in the 
simple expressions (41) for the decuplet widths. For example with ~ 2.62 
one would estimate Fa — 102 MeV not too close to the empirical value of 
Fa — 120 MeV [39]. It will be demonstrated below, that nevertheless the 
P33 phase shift of the pion-nucleon scattering process, which probes the A 
resonance width, is reproduced accurately. This refiects an important energy 
dependence in the decuplet self energy. 
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1.30 


-1.30 


-1.59 


1.59 


-1.30 


1.59 


1.59 


-1.59 


-1.59 



Table 13 



Meson-baryon coupling constants for the baryon decuplet states. The row labelled 
by SU(3) gives results obtained with Ca = 1.593 excluding all symmetry-breaking 
effects. 

We summarize the main findings of this section. All established parameters 
prove the SU{3) flavor symmetry to be an extremely useful and accurate 
tool. Explicit symmetry breaking effects are quantitatively important but suf- 
ficiently small to permit an evaluation within the x-BS(3) approach. This 
confirms a beautiful analysis by Hamilton and Oades [98] who strongly sup- 
ported the SU (3) flavor symmetry by a discrepancy analysis of kaon-nucleon 
scattering data. 



5.4 Pion-nudeon scattering 



We begin with a detailed account of the strangeness zero sector. For a review 
of pion-nucleon scattering within the conventional meson-exchange picture we 
refer to [99]. The various chiral approaches will be discussed more explicitly 
below. Naively one may want to include the pion-nucleon threshold parameters 
in a global SU (3) flt. In conventional chiral perturbation theory the latter are 
evaluated perturbatively to subleading orders in the chiral expansion [29,71]. 
The small pion mass justifles the perturbativc treatment. Explicit expressions 
for the threshold parameters are given in Appendix H and confirm the results 
[29]. Unfortunately there is no unique set of threshold parameters available. 
This is due to difficulties in extrapolating the empirical data set down to 
threshold, subtle electromagnetic effects and also some inconsistencies in the 
data set itself [100]. A collection of mutually contradicting threshold parame- 
ters is collected in Tab. 8. In order to obtain an estimate of systematic errors 
in the various analyses we confront the threshold values with the chiral sum 
rules: 



47r 1 + 



- 2/2 



47r 1 



rriN 



47r 1 + 



ruN 



' 18 p TUN (yUA + rriT,) ^ ^ 
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47r ( 1 + UsF = -^775 1 + 



2 C mT,mj\f 



3 /2 mA (/^A 



+ 0{Q) , (151) 



where //a = m/^—rrifq. We confirm the result of [29] that the spin- flip scattering 
volume a^sF^^ — ^[Pnj' + ^ ^[p^j' — ctip^i* ~ 2 a[p^]^ and the combination ot[p^]^ — 
Ojp^j^ in (151) arc independent of the quasi-local 4-point interaction strengths 
at leading order. Confronting the analyses in Tab. 14 with the chiral sum rules 
quickly reveals that only the EM98 analysis [102] appears consistent with the 
sum rules within 20 %. The analysis [100] and [103] badly contradict the chiral 
sum rules (151), valid at leading chiral orders, and therefore would require 
unnaturally large correction terms, possibly discrediting the convergence of 
the chiral expansion in the pion-nucleon sector. The KA86 analysis [101] is 
consistent with the two p-wave sum rules but appears inconsistent with the 
s-wave range parameter h^S-]- The recent 7r~ hydrogen atom experiment [104] 
gives rather precise values for the 7r~-proton scattering lengths 



a^-p^^-p = a^s + 4+ = (0-124 ± 0.001) fm , 

an-p-.^On = -V2a^s^^ = (-0.180 ± 0.008) fm . (152) 

These values are in conflict with the s-wave scattering lengths of the EM98 
analysis. For a comprehensive discussion of further constraints from the pion- 
deuteron scattering lengths as derived from recent pionic atom data we refer 
to [97]. All together the emerging picture is complicated and inconclusive at 
present. Related arguments are presented by Fettes and Meifiner in their work 
[71] which considers low-energy pion-nucleon phase shifts at chiral order Q^. 
The resolution of this mystery may be found in the most recent work of Fettes 
and MeiBner [105] where they consider the electromagnetic correction terms 
within the xPT scheme to order Q^. 

We turn to another important aspect to be discussed. Even though the EM98 
analysis is rather consistent with the chiral sum rules (151), does it imply 
background terms of natural size? This can be addressed by considering a 
further combination of p-wave scattering volumes 



B = (2 + jg'' + - (s? + , (153) 

where we absorbed the Z-dependence into the tilde couplings for simplicity (see 
(H.7)). The naturalness assumption would lead to S ~ l/(/^mp), a typical 
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Table 14 



Pion-nucleon threshold parameters. The reader not familiar with the common defi- 
nition of the various threshold parameters is referred to Appendix H. 

size which is compatible with the background term B ~ 0.92 of the EM98 
solution. 

In order to avoid the ambiguities of the threshold parameters we decided to 
include the single energy pion-nucleon phase shifts of [103] in our global fit. 
The phase shifts are evaluated in the x-BS(3) approach including all channels 
suggested by the SU{3) flavor symmetry. The single energy phase shifts are 
fitted up to y/s ~ 1200 McV. In Fig. 2 we confront the result of our fit with 
the empirical phase shifts. All s- and p-wave phase shifts are well reproduced 
up to ~ 1300 MeV with the exception of the Su phase for which our result 
agrees with the partial-wave analysis less accurately. We emphasize that one 
should not expect quantitative agreement for y/s > mjy + 2171^^ ~ 1215 MeV 
where the inelastic pion production process, not included in this work, starts. 
The missing higher order range terms in the Su phase are expected to be 
induced by additional inelastic channels or by the nuclcon resonances A^(1520) 
and A^(1650). We confirm the findings of [19,106] that the coupled SU{3) 
channels, if truncated at the Weinberg- Tomozawa level, predict considerable 
strength in the channel around ^/s ~ 1500 MeV where the phase shift 
shows a resonance-like structure. Note, however that it is expected that the 
nucleon resonances A^(1520) and A'^(1650) couple strongly to each other [107] 
and therefore one should not expect a quantitative description of the 5*11 phase 
too far away from threshold. Similarly we observe considerable strength in the 
Pii channel leading to a resonance-like structure around y/s ~ 1500 MeV. 
We interpret this phenomenon as a precursor effect of the p-wave A^(1440) 
resonance. We stress that our approach differs significantly from the recent 
work [106] in which the coupled SU(3) channels arc applied to pion induced 
1] and kaon production which require much larger energies ^/s ~ rrirj 4- rriTv — 
1486 MeV or ^/s ~ uik + — 1695 MeV. We believe that such high energies 
can be accessed reliably only by including more inelastic channels. It may be 
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Fig. 2. S- and p-wave pion-nucleon phase shifts. The single energy phase shifts are 
taken from [80]. 

worth mentioning that the inclusion of the inelastic channels as required by 
the S'[/(3) symmetry leaves the vrA^ phase shifts basically unchanged for ^/s < 
1200 MeV. Our discussion of the pion-nucleon sector is closed by returning to 
the threshold parameters. In Tab. 14 our extracted threshold parameters are 
presented in the second row. We conclude that all threshold parameters are 
within the range suggested by the various analyses. 



5.5 -nucleon scattering 



We turn to the strangeness plus one channel. Since it is impossible to give 
here a comprehensive discussion of the many works dealing with kaon-nucleon 
scattering we refer to the review article by Dover and Walker [2] which is still 
up-to-date in many respects. The data situation can be summarized as follows: 
there exist precise low-energy differential cross sections for K^p scattering 
but no scattering data for the i^'"'"-deuteron scattering process at low energies. 
Thus all low-energy results in the isospin zero channel necessarily follow from 
model-dependent extrapolations. We include the available differential cross 
section in our global fit. They are nicely reproduced as shown in Fig. 3. We 
include Coulomb interactions which are sizeable in the forward direction with 
cos6' > 0. 

It is instructive to consider the threshold amplitudes in detail. In the x-BS(3) 



82 



4 - 



, , 

C/) 

a 

■D 



2 - 



1 1 1 1 1 1 M 

■ 145 MeV j 


' 1 ' 1 ' 1 ' 
■■ 175 MeV 


1 1 1 1 1 1 1 
■■ 205 MeV 

a 








1 1 1 1 1 1 1 1 
235 MeV 

^ .J 


- 1 1 1 1 1 1 1 1 
265 MeV 


- 1 1 1 1 1 1 1 1 
295 MeV 








1 1 1 1 1 1 1 1 
. 325 MeV 

c 

i 


- 1 1 1 1 1 1 1 1 
.. 355 MeV 

^ u P Q-Q n^of 


^ 1 1 1 1 1 1 1 1 
.. 385 MeV 

o 












-1.0 -0.5 0.0 0.5 -1.0 -0.5 0.0 0.5 -1.0 -0.5 0.0 0.5 1.0 

Cos(0) 

Fig. 3. Differential cross section of "'"-proton scattering. The data points are taken 
from [108]. The sohd hnes give the result of the x-BS(3) analysis including Coulomb 
effects. The dashed lines follow for switched off Coulomb interaction. 

approach the threshold parameters are determined by the threshold values of 
the effective interaction kernel vl^^{mN + mK'i'n) and the partial- wave loop 
function Jj^l!f{mN+mK',n) (see (101,141)). Since all loop functions vanish at 
threshold but the one for the s-wave channel, all p-wave scattering volumes 
remain unchanged by the unitarization and are directly given by the threshold 
values of the appropriate effective interaction kernel Vkn- The explicit expres- 
sions for the scattering volumes to leading order can be found in Appendix 
H. In contrast the s-wave scattering lengths are renormalized strongly by the 
loop function J^^{mN + mK;0) 7^ 0. At leading order the s-wave scattering 
lengths are 




which lead to a^s^^^ — —0.22 fm and a^^^^ = fm, close to our final values to 
subleading orders given in Tab. 15. In Tab. 15 we collected typical results for 
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iC"'"-nucleon threshold parameters. The values of the x-BS(3) analysis are given in 
the first row. The last two rows recall the threshold parameters as given in [109] 
and [110]. 

the p-wave scattering volumes also. The large differences in the isospin zero 
channel reflect the fact that this channel is not constrained by scattering data 
directly [2] . We flnd that some of our p-wave scattering volumes, also shown in 
Tab. 15, differ signiflcantly from the values obtained by previous analyses. Such 
discrepancies may be explained in part by important cancellation mechanisms 
among the u-channel baryon octet and decuplet contributions (see Appendix 
H). An accurate description of the scattering volumes requires a precise input 
for the meson-baryon 3-point vertices. Since the x-BS(3) approach describes 
the 3-point vertices in accordance with all chiral constraints and large sum 
rules of QCD we beheve our values for the scattering volumes to be rather 
reliable. 

In Fig. 4 we confront our s- and p-wave i^'^-nucleon phase shifts with the 
most recent analyses by Hyslop et al. [109] and Hashimoto [79]. We find that 
our partial- wave phase shifts are reasonably close to the single energy phase 
shifts of [109] and [79] except the Pqs phase for which we obtain much smaller 
strength. Note however, that at higher energies we smoothly reach the sin- 
gle energy phase shifts of Hashimoto [79]. A possible ambiguity in that phase 
shift is already suggested by the confiicting scattering volumes found in that 
channel by earher works (see Tab. 15). The isospin one channel, on the other 
hand, seems well-established even though the data set does not include polar- 
ization measurements close to threshold, which are needed to unambiguously 
determine the p-wave scattering volumes. 



5.6 K -nucleon scattering 

We now turn to our results in the strangeness minus one sector. The antikaon- 
nucleon scattering process shows a large variety of intriguing phenomena. In- 
elastic channels are already open at threshold leading to a rich coupled-channel 
dynamics. Also the KN state couples to many of the observed hyperon res- 
onances for which competing dynamical scenarios are conceivable. We fit di- 
rectly the available data set rather than any partial wave analysis. Comparing 
for instance the energy dependent analyses [14] and [111] one finds large un- 
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Fig. 4. S- and p-wave if"'"-nucleon phase shifts. The solid lines represent the results 
of the x-BS(3) approach. The open circles are from the Hyslop analysis [109] and 
the open triangles from the Hashimoto analysis [79] . 

certainties in the s- and p-waves in particular at low energies. This reflects on 
the one hand a model dependence of the analysis and on the other hand an 
insufficient data set. A partial wave analysis of elastic and inelastic antikaon- 
nucleon scattering data without further constraints from theory is inconclusive 
at present [2,112]. For a detailed overview of former theoretical analyses, we 
refer to the review article by Dover and Walker [2]. 

As motivated above we include the d-wave baryon resonance nonet field. An 
update of the analysis [38] leads to the estimates Fjg] ~ 1.8, D[9] ~ 0.84 and 
C[9] ~ 2.5 for the resonance parameters. The singlet-octet mixing angle i) ~ 
28° confirms the finding of [37], that the A(1520) resonance is predominantly 
a flavor singlet state. By analogy with the expressions for the decuplet decay 
widths (41) of section 2 we apply the simple expressions 
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where for example En — \J m% + with the relative momentum Pt^n defined 
in the rest frame of the resonance. Our values for Fpj and D[g] describe the 
decay widths and branching ratios of the S(1670) and S(1820) reasonably 
well within their large empirical uncertainties. Note that we put less emphasis 
on the properties of the A'"(1520) resonance since that resonance is strongly 
infiuenced by the ttA^ channel not considered here. In our global fit we take 
F[9] and Djg] fixed as given above but fine-tune the mixing angle i9 = 27.74° 
and C[9] = 2.509. To account for further small inelastic three-body channels 
we assign the 'bare' A(1520) resonance an energy independent decay width of 

-'^A(i52of'' — MeV. The total cross sections are included in the fit forpiab. < 
500 MeV. For the bare masses of the d-wave resonances we use the values 
mA(i52o) ^ 1528.2 MeV, mA(i69o) ^ 1705.3 MeV and ms(i680) ^ 1690.7 MeV. 

In Fig. 5 we present the result of our fit for the elastic and inelastic K~p 
cross sections. The data set is nicely reproduced including the rather precise 
data points for laboratory momenta 250 MeV< piab < 500 MeV. In Fig. 5 
the s-wave contribution to the total cross section is shown with a dashed 
line. Important p-wave contributions are found at low energies only in the 
Att" production cross section. Note that the Att^ channel carries isospin one 
and therefore provides valuable constraints on the poorly known X^-neutron 
interaction. The deviation of our result from the empirical cross sections above 
Piab — 500 MeV in some channels may be due in part to the fact that we do 
not consider the p-wavc A(1600) and E(1660) resonances quantitatively in 
this work. As will be demonstrated below when presenting the partial-wave 
amphtudes, there is, however, a strong tendency that those resonances are 
generated in the x-BS(3) scheme. We checked that, by giving up some of the 
large Nc sum rules and thereby increasing the number of free parameters we 
can easily obtain a fit with much improved quality beyond piab = 500 MeV. 
We refrained from presenting those results because it is not clear that this 
procedure leads to the correct partial wave interpretation of the total cross 
sections. Note that the inelastic channel K~p — > Atttt, not included in this 
work, is no longer neghgible at a quantitative level for piab > 300 MeV [113]. 

In Fig. 6 we confront our result with a selection of differential cross sections 
from elastic X^-proton scattering [116]. The angular distribution patterns are 
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Fig. 5. i^~-proton elastic and inelastic cross sections. The data are taken from 
[11,13,114-119]. The solid lines show the results of our x-BS(3) theory including all 
effects of S-, p- and d- waves. The dashed lines represent the s-wave contributions 
only. We fitted the data points given by open circles [11,13,114-118]. Further data 
points represented by open triangles [119] were not considered in the global fit. 



consistent with weak p-wave interactions. The almost linear slope in cos^ 
reflects the interference of the p-wave contribution with a strong s-wave. 
Coulomb effects are small in these channels. The differential cross sections 
provide valuable constraints on the p-wave interaction strengths. 



87 



E 



8 

6 

4 J 
2 - 



6 - 
4 - 



2 - 



6 

■D 4 I- 



2 9 



6 
4 I- 



2 - 



— ' — I — ' — r 
245 MeV 




K p 



I I I I I I I 



265 MeV 



I I I I I I I 



285 MeV 



I I I I I I I 



305 MeV 



3 - 





3 
2 
1 

3 - 
2 - 
1 ^ 











245 MeV 



I/O I 

K n 



I I I I I I I 
265 MeV 




285 MeV 



I I I I I I I 



3 _ 305 MeV 

2 - 

1 ^ 







"^"o"!"^ ^ u ^ o' 



-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1 
COS (0) 







Fig. 6. K~p K~p, n differential cross sections at piab = 245 MeV, 265 MeV, 
285 MeV and 305 MeV. The data are taken form [116]. The sohd lines represent our 
X-BS(3) theory including s-, p- and d-waves as well as Coulomb effects. The dashed 
lines follow if Coulomb interactions are switched off. 

Further important information on the p-wave dynamics is provided by an- 
gular distributions for the inelastic K~p reactions. The available data are 
represented in terms of coefficients An and Bn characterizing the differential 
cross section da{cos6, y/s) and the polarization P{cos6, -y/i) as functions of 
the center of mass scattering angle 6 and the total energy ^/s^. 



da{^, cos( 
dcosO 



da{y/s, cos( 
dcos9 



n=0 

oo 



P(v^, cos^) = ^5/(v^)P„'(cos( 



(156) 
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Fig. 7. Coefficients Ai and A2 for the K~p — > vr'^A, K^p vr^S^ and K^p vr^S 
difi'erential cross sections. The data are taken from [11,117]. The solid hnes are the 
result of the x-BS(3) approach with inclusion of the d-wave resonances. The dashed 
lines show the effect of switching off d-wave contributions. 

In Fig. 7 we compare the empirical ratios Ai/Aq and A2/AQ with the results of 
the x-BS(3) approach. Note that for piab < 300 MeV the empirical ratios with 
n > 3 are compatible with zero within their given errors. A large Ai/Aq ratio 
is found only in the K~p —>■ vr^A channel demonstrating again the importance 
of p-wave effects in the isospin one channel. The dashed lines of Fig. 7, which 
are obtained when switching off d-wave contributions, confirm the importance 
of this resonance for the angular distributions in the isospin zero channel. The 
fact that the A(1520) resonance appears more important in the differential 
cross sections than in the total cross sections follows simply because the tail 
of the resonance is enhanced if probed via an interference term. In the differ- 
ential cross section the A(1520) propagator enters linearly whereas the total 
cross section probes the squared propagator only. Note also the sizeable p- 



89 






200 300 400 500 200 



'I ' ' I \ 



. 
71 A 




t^H — ^ — \ — ^ 



e 



71 A 



300 400 



500 



Fig. 8. Coefficients Bi and for the R-p tt^^T.^, K'p 7r°S and K'p 7r°A 
differential cross sections. The data are taken from [11,117]. The solid lines are the 
result of the x-BS(3) approach with inclusion of the d-wave resonances. The dashed 
lines show the effect of switching off d-wave contributions. 

wave contributions at somewhat larger momenta seen in the charge-exchange 
reaction of Fig. 7 and also in Fig. 5. 

The constraint from the ratios Bi/Aq and B2/AQ, presented in Fig. 8, is weak 
due to rather large empirical errors. New polarization data, possibly with 
polarized hydrogen targets, would be highly desirable. 



We turn to the threshold characteristics of the K p reaction which is con- 
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Tabic 16 



K -nucleon threshold parameters. The row labelled by SU (2) gives the results in 
the isospin limit with nij^- = m^o = 493.7 MeV and nip = rrin = 938.9 MeV. 

strained by experimental data for the threshold branching ratios 7, Rc and i?„ 
where 



a{K p — i> 7r+ S ) a{K p — > charged particles ) 

a{K-p^7r-^+) ' a(i^-p^all) ' 

(T(i^~ p ^ all neutral channels) 

A further important piece of information is provided by the recent measure- 
ment of the hydrogen atom state which leads to a value for the K~p 
scattering length [5]. In Tab. 16 we confront the empirical numbers with our 
analysis. All threshold parameters are well described within the x-BS(3) ap- 
proach. We confirm the result of [19,20] that the branching ratios arc rather 
sensitive to isospin breaking effects. However, note that it is sufficient to in- 
clude isospin breaking effects only in the KN channel to good accuracy. The 
empirical branching ratios are taken from [10]. The real part of our K~n scat- 
tering length with ^ax-n^K-n — 0-29 fm turns out considerably smaller than 
the value of 0.53 fm found in the recent analysis [20]. In Tab. 16 wc present 
also our results for the p-wave scattering volumes. Here isospin breaking ef- 
fects are negligible. All scattering volumes but the one in the P23 channel 
are found to be small. The not too small and repulsive scattering volume 
ap23 ~ (—0.16 -I- i 0.06) fm^ reflects the presence of the S(1385) resonance 
just below the KN threshold. The precise values of the threshold parameters 
are of crucial importance when describing i^~-atom data which constitute a 
rather sensitive test of the in-medium dynamics of antikaons. In particular one 
expects a strong sensitivity of the level shifts to the s-wave scattering lengths. 

In Fig. 9 we show the A(1405) and S(1385) spectral functions measured in 
the reactions K~p S+tt^tt+tt^ [120] and K~p Avt+tt" [121] respectively. 
We did not include the A(1405) spectrum of [120] in our global fit. Since 
the A(1405)-spectrum shows a strong energy dependence, incompatible with 
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a Breit-Wigner resonance shape, the spectral form depends rather strongly 
on the initial and final states through which it is measured. The empirical 
spectrum of [120] describes the reaction E+(1600) 7r^ A(1405) — > tt^ 
rather than the reactions A(1405) — > S+ accessible in our present 

scheme. In Fig. 6 the spectral form of the A(1405) resulting from two different 
initial states tt^ are confronted with the empirical spectrum of [120]. While 
the spectrum defined with respect to the initial state S+ vr" represents the 
empirical spectrum reasonably well the other choice of initial state S+ 7r~ 
leads to a significantly altered spectral form. We therefore conclude that in a 
scheme not including the S(1600)7r state explicitly it is not justified to use the 
A(1405) spectrum of [120] as a quantitative constraint for the kaon-nucleon 
dynamics. 

We turn to the mass spectrum of the decuplet S(1385) state. The spectral 
form, to good accuracy of Breit-Wigner form, is reproduced reasonably well. 
Our result for the ratio of S(1385) — ^ vrA over E(1385) vrS of about 17% 
compares well with the most recent empirical determination. In [122] that 
branching ratio was extracted from the K^p T,{1385) K K reaction and 
found to be 20 ± 6 %. Note that we obtained our ratio from the two reaction 
amplitudes vrA ttA and vrA vrS evaluated at the E(1385) pole. The 
schematic expression (41) would give a smaller value of about 15 %. Finally 
we mention that the value for our S(1530) total width of 10.8 MeV comfortably 
meets the empirical value of 9.9^^ 9 MeV given in [39]. 
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5. 7 Analyticity and crossing symmetry 



It is important to investigate to what extent our multi-channel scattering am- 
plitudes are consistent with the expectations from analyticity and crossing 
symmetry. As discussed in detail in section 4.3 the crossing symmetry con- 
straints should not be considered in terms of partial-wave amplitudes, but 
rather in terms of the forward scattering amplitudes only. We expect cross- 
ing symmetry to be particularly important in the strangeness sector, because 
that sector has a large subthreshold region not directly accessible and con- 
strained by data. In the following we reconstruct the forward KN and KN 
scattering amplitudes in terms of their imaginary parts by means of disper- 
sion integrals. We then confront the reconstructed scattering amplitudes with 
the original ones. It is non-trivial that those amplitudes match even though 
our loop functions and effective interaction kernels are analytic functions. One 
can not exclude that the coupled channel dynamics generates unphysical sin- 
gularities off the real axis which would then spoil the representation of the 
scattering amplitudes in terms of dispersion integrals. Note that within ef- 
fective field theory unphysical singularities are acceptable, however, only far 
outside the applicability domain of the approach. 

Our analysis is analogous to that of Martin [6] . However, we consider the dis- 
persion integral as a consistency check of our theory rather than as a predictive 
tool to derive the low-energy kaon-nucleon scattering amplitudes in terms of 
the more accurate scattering data at E'lab > 300 MeV [123]. This way we 
avoid any subtle assumptions on the number of required subtractions in the 
dispersion integral. Obviously the dispersion integral, if evaluated for small 
energies, must be dominated by the low-energy total cross sections which are 
not known empirically too well. We write a subtracted dispersion integral 



s — mX ^ J TV [s' — So)" s' — s — le 

TT (s' — So)" s' — s — ie ' 



^knKS)-- — -T ^ 1^ Cp.^ {S - So) + / 
* ~ "^S fe=l , / 



m|- — (my — mjv)^ m^v + thy 



^^^^ - V ^ ' ^ ^ 

where we identify Sq = ^%t. = + ^i: with the optimal matching point of 
(142). We recall that the kaon-hyperon coupling constants = A^^ + P^ 
with y = A, E receive contributions from pseudo- vector and pseudo-scalar 
vertices as specified in Tab. 11. The values fKNK — — 12.8m^+^ and fxNT. — 
6.1 ml{+ follow. 
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The forward scattering amplitude T^^(s) reconstructed in terms of the partial- 
wave amplitudes of (89) reads 



rriN ^ ^ ^ KN,n+-^ KN,n+-^ ' 

The subtraction coefficients c^^-* are adjusted to reproduce the scattering 
amplitudes close to the kaon-nucleon threshold. One must perform a sufficient 
number of subtractions so that the dispersion integral in (158) is dominated 
by energies still within the applicability range of our theory With n = 4 in 
(158) we indeed find that we are insensitive to the scattering amplitudes for 
> 1600 MeV to good accuracy. Similarly we write a subtracted dispersion 
integral for the amplitudes Tj^l[{s) of the strangeness plus one sector 



^(0) ( \_ _1 /Ittva I 3 Ikny. 
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The subtraction coefficients c^^"* are adjusted to reproduce the scattering 
amplitudes close to the kaon-nucleon threshold. The choice n = 4 leads to a 
sufficient emphasis of the low-energy i^iV-amplitudes. 

In Fig. 10 we compare the real part of the pole-subtracted amplitudes Ar^^(s) 

and AT^]^r(s) with the corresponding amplitudes reconstructed via the dis- 
persion integral (158) 



Pkny _ ( AY)\2 2m% + mj^- s-mjj 
s-mjj V kn) sPniN 



(y)\2 (mjv + mn) (y) .(y) - my 

8/2m^^ ^^^^^^^ APtun ' ^ ' 



with y = A for / = and F = E for 1 = 1. Whereas it is straightforward 
to subtract the complete hyperon pole contribution in the KN amplitudes 
(see (161)), it is less immediate how to do so for the KN amplitudes. Since 
we do not consider all partial wave contributions in the latter amplitudes the 
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Fig. 10. Causality check of the pole-subtracted kaon-nucleon scattering amplitudes 
f^AT^j^ and AT^j^. The full lines represent the real part of the forward scat- 
tering amplitudes. The dotted lines give the amplitudes as obtained from their 
imaginary parts (dashed lines) in terms of the dispersion integrals (158) and (160). 
The dashed-dotted lines give the s-wave contribution to the real part of the forward 
scattering amplitudes only. 

u-channel pole must be subtracted in its approximated form as given in (134). 
The reconstructed amplitudes agree rather well with the original amplitudes. 
For ^/s > 1200 MeV the solid and dotted lines in Fig. 10 can hardly be 
discriminated. This demonstrates that our amplitudes are causal too good 
accuracy. Note that the discrepancy for -^i < 1200 MeV is a consequence of 
the approximate treatment of the non-local u-channel exchanges which violates 
analyticity at subthreshold energies to some extent (see (136)). With Fig. 10 
we confirm that such effects are well controlled for ^/s > 1200 MeV. In any 
case, close to ^/s ~ 1200 MeV the complete forward scattering amplitudes are 
largely dominated by the s- and u-channel hyperon pole contributions absent 
in a4^^(.). 

As can be seen from Fig. 10 also, we find sizeable p-wave contributions in the 
pole-subtracted amplitudes at subthreshold energies. This follows from com- 
paring the dashed-dotted lines, which give the s-wave contributions only, with 
the solid lines which represent the complete real part of the pole-subtracted 
forward scattering amplitudes. The p-wave contributions are typically much 
larger below threshold than above threshold. The fact that this is not the case 
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in the isospin zero KN amplitude reflects a subtle cancellation mechanism of 
hyperon exchange contributions and quasi-local two-body interaction terms. 
In the KN amplitudes the subthreshold effects of p- waves are most dramatic 
in the isospin one channel. Here the amplitude is dominated by the E(1385) 
resonance. Note that p-wave channels contribute with a positive imaginary 
part for energies larger than the kaon-nucleon threshold but with a negative 
imaginary part for subthreshold energies. A negative imaginary part of a sub- 
threshold amplitude is consistent with the optical theorem which only relates 
the imaginary part of the forward scattering amplitudes to the total cross sec- 
tion for energies above threshold. Our analysis may shed some doubts on the 
quantitative results of the analysis by Martin, which attempted to constrain 
the forward scattering amplitude via a dispersion analysis [6]. An implicit 
assumption of Martin's analysis was, that the contribution to the dispersion 
integral from the subthreshold region, which is not directly determined by 
the data set, is dominated by s-wave dynamics. As was pointed out in [21] 
strong subthreshold p-wave contributions should have an important effect for 
the propagation properties of antikaons in dense nuclear matter. 

We turn to the approximate crossing symmetry of our scattering amplitudes. 
Crossing symmetry relates the subthreshold KN and KN scattering ampli- 
tudes. As a consequence the exact amplitude T^]y(s) shows unitarity cuts not 
only for ^/s > tjiy. + but also for i/i < m,]^ — rrix representing the elastic 
KN scattering process. Consider for example the isospin zero amplitude for 
which one expects the following representation: 



where we performed one subtraction to help the convergence of the dispersion 
integral. Comparing the expressions for T^^(s) in (158) and T^jy(s) in (162) 
demonstrates that the contribution of the unitarity cut at ^/i < ttin — ttik 
in (162) is effectively absorbed in the subtraction coefficients c^^'^ of (158). 
Similarly the subtraction coefficients c^jv'' (160) represent the contribution 
to t1^n{s) from the inelastic scattering process. Thus both model ampli- 
tudes T^n{s) and T^l^{s) represent the exact amplitude T^]y(s) within their 
validity domains and therefore we expect approximate crossing symmetry 
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Fig. 11. Approximate crossing symmetry of the pole subtracted kaon-nucleon for- 
ward scattering amplitudes. The lines in the left hand parts of the figures result 
from the KN amplitudes. The lines in the right hand side of the figures give the 
KN amplitudes. 



AT, 



(1) 



KN 



1 



(163) 



close to the optimal matching point sq 



m 



N 



mj^ only. In Fig. 11 we con- 



front the pole-subtracted AT)/]^ and ^T^^lf amplitudes with the expected 
approximate crossing identities (163). Since the optimal matching point Sq = 
m\ + m\ ~ (1068)^ MeV^ is slightly below the respective validity range of 
the original amplitudes, we use the reconstructed amplitudes of (158) and 
(160) shown in Fig. 10. This is justified, because the reconstructed ampli- 
tudes are based on the imaginary parts of the amplitude which have support 
within the validity domain of our theory only. Fig. 11 indeed confirms that the 
kaon-nucleon scattering amplitudes are approximatively crossing symmetric. 
Close to the the point s ^ m% + m\ the KN and KN amplitudes match. We 
therefore expect that our subthreshold kaon-nucleon scattering amplitudes are 
determined rather reliably and well suited for an application to the nuclear 
kaon dynamics. 



5.8 Scattering amplitudes 



We discuss now the s- and p-wave partial-wave amplitudes for the various 
KN, ttS and ttA reactions. Since we are interested in part also in subthreshold 
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Fig. 12. Real and imaginary parts of the s- and p-wave partial- wave amplitudes 
f M in the isospin zero channel. The labels (ab) refer to our channel convention of 
(92) with (11): KN KN, (12): KN ttS and (22): vrS ^ vrS. 

amplitudes we decided to present the invariant amplitudes M^^\^, n) rather 
than the more common fj\y/s) amplitudes. Whereas the latter amplitudes 
lead to convenient expressions for the cross sections 



a_/(v^)=4vr^f: f/ |/;^!,_,(v^)r + (/ + 1) l/f.^Jv^)!^) ,(164) 

Pern 1=0 \ ^ 2 / 

the former amplitudes M^'^\y/s,n) provide a more detailed picture of the 
higher partial-wave amplitudes, simply because the trivial phase-space factor 
(PcmPcm)' is taken out 



( ) = sl^"^, ' \/^±^ ^/Ef ± mf M(±) iV~s,J-l). (165) 

Here p^^m^ denote the relative momenta and Eij the baryon energies in the 
center of mass frame. Also rriij are the baryon masses of the initial and final 
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Fig. 13. Real and imaginary parts of the s- and p-wave partial-wave amplitudes 
P M in the isospin one channel. The labels (ab) refer to our channel convention of 
(92) with (11): KN KN, (12): KN vrS and (13): KN vrA. 

baryons. 

In Fig. 12 and in Fig. 13 the isospin zero and isospin one amplitudes are 
shown up to rather high energies a/s = 2 GeV. We emphasize that we trust 
our amplitudes quantitatively only up to a/s ~ 1.6 GeV. Beyond that energy 
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one should consider our results as qualitative only. The amplitudes reflect 
the presence of the s-wave A(1405) and p-wave S(1385) resonances. From 
the relative height of the peak structures in the figures one can read off the 
branching ratios of those resonances. For instance it is clearly seen from Fig. 12 
that the A(1405) has a rather small couphng to the ttE channel. It is gratifying 
to find precursor effects for the p-wave A(1600) and A(1890) resonances in that 
figure also. Note that the estimates for the widths of those resonances range 
up to 200 MeV. Similarly Fig. 13 indicates attractive strength in the s- and p- 
wave channel where one would expect the s-wave E(1750) and p-wave S(1660) 
resonances. 

It is a highly non-trivial but nevertheless expected result, that all resonances 
but the p-wave baryon decuplet and the d-wave baryon nonet resonances were 
generated dynamically by the chiral coupled channel dynamics once agreement 
with the low-energy data set with piab. < 500 MeV was achieved. A more 
accurate description of the latter resonances requires the extension of the 
X-BS(3) approach including more inelastic channels. These finding strongly 
support the conjecture that all baryon resonances but the decuplet ground 
states are a consequence of coupled-channels dynamics. 

5.9 Predictions for cross sections 

We close the result section by a presentation of total cross sections relevant 
for transport model calculation of heavy-ion reactions. Wc believe that the 
BS(3) approach is particularly well suited to determine some cross sections not 
directly accessible in scattering experiments. Typical examples would be the 
ttS — > ttE, ttA reactions. Here the quantitative realization of the chiral SU(3) 
fiavor symmetry including its important symmetry breaking effects are an 
extremely useful constraint when deriving cross sections not accessible in the 
laboratory directly. It is common to consider isospin averaged cross sections 
[124,125] 

^(V^) = ^E(2/+1)^/(V^)- (166) 

The reaction dependent normalization factor is determined by = (2 /-|- 1) 
where the sum extends over isospin channels which contribute in a given re- 
action. In Fig. 14 we confront the cross sections of the channels KN, ttE and 
ttA. The results in the first row repeat to some extent the presentation of Fig. 
5 only that here wc confront the cross sections with typical parameterizations 
used in transport model calculations. The cross sections in the first column 
are determined by detailed balance from those of the first row. Uncertain- 
ties are present nevertheless, reflecting the large empirical uncertainties of the 
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Fig. 14. Total cross sections KN KN, KN vrS, KN vrA etc relevant 
for subthreshold production of kaons in heavy-ion reactions. The solid and dashed 
lines give the results of the X"BS(3) approach with and without p- and d-wave 
contributions respectively. The dotted lines correspond to the parameterizations 
given in [125]. 



ant ikaon- nucleoli cross sections close to threshold. The remaining four cross 
sections in Fig. 14 are true predictions of the x-BS(3) approach. Again we 
should emphasize that we trust our results quantitatively only for ^/s < 1600 
MeV. It is remarkable that nevertheless our cross sections agree with the pa- 
rameterizations in [125] qualitatively up to much higher energies except in the 
KN ^ ttE reactions where we overshoot those parameterizations somewhat. 
Besides some significant deviations of our results from [124,125] at ^/s — ^/s^ < 
200 MeV, an energy range where we trust our results quantitatively, we find 
most interesting the sizeable cross section of about 30 mb for the vrS — ttS 
reaction. Note that here we include the isospin two contribution as part of 
the isospin averaging. As demonstrated by the dotted line in Fig. 14, which 
represent the x-BS(3) approach with s-wave contributions only, the p- and 
d-wave amplitudes are of considerable importance for the vrS —>■ ttS reaction. 
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6 Summciry and outlook 



In this work we successfully used the relativistic chiral SU(3) Lagrangian to de- 
scribe meson-baryon scattering. Within our x-BS(3) approach we established 
a unified description of pion-nucleon, kaon-nucleon and antikaon-nucleon scat- 
tering describing a large amount of empirical scattering data including the ax- 
ial vector coupling constants for the baryon octet ground states. We derived 
the Bethe-Salpeter interaction kernel to chiral order and then computed 
the scattering amphtudes by solving the Bethe-Salpeter equation. This leads 
to results consistent with covariance and unitarity. Moreover we consider the 
number of colors {Nc) in QCD as a large parameter performing a system- 
atic 1/Nc expansion of the interaction kernel. This establishes a significant 
reduction of the number of parameters. Our analysis provides the first reli- 
ably estimates of previously poorly known s- and p-wave parameters. It is a 
highly non-trivial and novel result that the strength of all quasi-local 2-body 
interaction terms are consistent with the expectation from the large Nc sum 
rules of QCD. Further intriguing results concern the meson-baryon coupling 
constants. The chiral SU (3) fiavor symmetry is found to be an extremely use- 
ful and accurate tool. Explicit symmetry breaking effects are quantitatively 
important but sufficiently small to permit an evaluation within chiral pertur- 
bation theory. We established two essential ingredients in a successful applica- 
tion of the chiral Lagrangian to the meson-baryon dynamics. First it is found 
that the explicit s- and u-channel decuplet contributions are indispensable for 
a good fit. Second, we find that it is crucial to employ the relativistic chiral 
Lagrangian. It gives rise to well defined kinematical structures in the quasi- 
local 4-point interaction terms which leads to a mixing of s-wave and p-wave 
parameters. Only in the hcavy-baryon mass limit, not applied in this work, the 
parameters decouple into the s-wave and p-wave sector. In the course of devel- 
oping our scheme we constructed a projector formalism which decouples in the 
Bethe-Salpeter equation covariant partial wave amplitudes and also suggested 
a minimal chiral subtraction scheme within dimensional rcgularization which 
complies manifestly with the chiral counting rules. An important test of our 
analysis could be provided by new data on kaon-nucleon scattering from the 
DA$NE facility [1]. In particular additional polarization data, possibly with 
a polarized hydrogen or deuteron target, would be extremely useful. 

We performed a consistency check of our forward scattering amplitudes by 
confronting them with their dispersion-integral representations. Our analysis 
shows that the scattering amplitudes are compatible with their expected ana- 
lytic structure. Moreover we demonstrate that the kaon-nucleon and antikaon- 
nucleon scattering amplitudes are approximatively crossing symmetric in the 
sense that the KN and KN amplitudes match at subthreshold energies. Our 
results for the KN amplitudes have interesting consequences for kaon propaga- 
tion in dense nuclear matter as probed in heavy ion collisions [126]. According 
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to the low-density theorem [127,128] an attractive in-medium kaon spectral 
function probes the kaon-nuclcon scattering amplitudes at subthreshold ener- 
gies. The required amplitudes are well established in our work. In particular 
we find sizeable contributions from p-waves not considered systematically so 
far [129-131]. 

We expect our scattering amplitudes to lead to an improved description of 
the spectral functions of antikaons in nuclear matter and pave the way for a 
microscopic description of kaonic atom data. The latter are known to be a 
rather sensitive test of the antikaon-nucleon dynamics [132] . 
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Appendices 



A Isospin in SU{3) 



The SU (3) meson and baryon octet fields ^ — \ and the baryon octet 
field B = ^Bi \l\pl with the Gell-Mann matrices \ normalized by tr \ Xj — 
2 Sij are decomposed into their isospin symmetric components 



^^T-n + a^-K + K^-a + rjXs, 

(r-J^ + a'' ■N + EUa2-a + XsA) , 
Q;^ = ^(A4 + iA5,A6 + iA7) , r = (Ai, A2, A3) , (A.l) 

with the isospin singlet fields 1], A, the isospin doublet fields K = {K~^, K'^Y, 
N = {p,ny, S = (S°,S~)* and the isospin triplet fields 7? = (7r*^^\ 7r*^^\ vr*^^)), 
E = (E(^\ E(^\ E(^)). Similarly we derive the isospin decomposition of (A^-$), 
• A^) and (A^ • A^) as defined in (10). The latter objects are expressed in 
terms of the isospin singlet field the isospin doublet fields = (S°, S~)*, 
the isospin triplet field = (E^, Ejf), Ejf)) and the isospin 3/2 field A^ = 
(A++,A+ AO,A;)*. Wefind 



--^(E,x.) .r+^{KUa,El)Xs-^^{K^a^a,El) -r 
^ a"^ (a ■ tt) i (72 2^ - (a^ i as S^) rj 



($ ■ A,)^ = ((i^t 5t aJ ■ r - (at 5t aJ • tt - (e^ • a) K 

+ i=Xt(s.,)« + _L(s,..)As-^(E.r), 



V2 



V2 



- i (72 (a • tt) a + (Sj, i (T2 a) 77 

+ Q;(x*ia2a))^ (A.2) 
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and 

(A, • A.)^ = A, S,aS]A^) ■ r + ^ A, ■ A. (2 + Ag) 
j 

+ ^ • + ^ r ■ (S^ X E,) 

+ i=A^(5-E.)a + i=at (e, • ^t) 4, 
1 1 




(A.3) 



The isospin transition matrices 5", are normalized by Sj Sj — Sij — aiaj/3. 
Note that the isospin Pauh matrices act cxchisivcly in the space of isospin 
doublet fields K, NjE, and the matrix valued isospin doublet a. Expressions 
analogous to (A.2) hold for (A^ • B) and {B ■ A^). 

The isospin reduction of the SU (3) symmetric interaction terms is most con- 
veniently derived applying the set of identities 

T ■ — a^ ■ a , ■ r — , a ■ t — a ■ a , t ■ a — Q , 

tXs^XsT, tr (TiTj) ^2 5ij , tr {ai a]) ^2 5ij , (A.4) 

where the SU (2) Pauli matrices a act exclusively on the isospin doublet fields. 
For example (a ■ a)^ = J2b ^ab ctb- The algebra (A.4) is completed with 



a, 




— —T ■ a — 


V3As , 




a ■ 


a — , 










a , 




-il- A. 


As 


+ T • a 




■ — 


0, 






Ti 










Ti , Tj 


+ 


(^^« + 


4 
3 









As 5 


at 






A 


8 ,ttt 


+ 






A 


i , As 




As 


, a 


= —y/3a , 




As , a 


+ 


-73"' 


As , 


T 

J + 





where [A, = A B ± B A. By means of (A.4, A. 5) it is straightforward 
to derive the isospin structure of the chiral interaction terms. Note a typical 
intermediate result 
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B Local interaction terms of chiral order 



For heavy-baryon chiral SU{3) perturbation theory 102 terms of chiral order 
are displayed in [82]. We find that only 10 chirally symmetric terms are rel- 
evant for elastic meson-baryon scattering. Following the constructing rules of 
Krause [35] one writes down 19 interaction terms for the relativistic chiral La- 
grangian where terms which are obviously redundant by means of the equation 
of motion or SU (3) trace identities [50] are not displayed. The Bethe-Salpeter 
interaction kernel (see (43)) receives the following contributions 



4i[8](^' ^) = ^ i^p ■ ^^^p ■ ^) + ^p -^^^p- ^^'^[^^'^] (B-i) 

+^(1 + ^) C^'hh^'^] 

+ ^ 75 7^ ((P • {q -q))p'+{p- id - q))p') e,.af5 <f q^ [h^'^] 

+ ^ 75 7^^ ((P • {q + q))p''-{p- {q + q)) p") e^.ap ^ / C^'^ [h^'^] , 

where the interaction terms are already presented in momentum space for 
notational convenience. Their SU(3) structure is expressed in terms of the 
matrices Co,i,d,f and Ci,d,f introduced in (127). In (B.2) we applied the con- 
venient notation: 
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C(^) = /I? + /iP 4^ + /ig 4^ + /i« C? . (B.2) 

Explicit evaluation of the terms in (B.2) demonstrates that in fact only 10 
terms contribute to the s and p- wave interaction kernels to chiral order Q^. 
Obviously there are no quasi-local counter terms contributing to higher partial 
waves to this order. The terms of chiral order are 



V, 



(!,+) 



s-1) 



1 



24/2 



(x/5 + M(^)) [c(^)[/i(^)],M(^)] (V^+M(^)), 



(B.3) 



We observe that the /io^i.D.F parameters can be absorbed into the g'o^i^D,F to 
order by the replacement g 



(V) 



{V) 



9 



(T) 



9 



(T) 



_ M hS^\ Similarly the replacement 
M h^^^ cancels the dependence on h^^^ at order (see (129)). 
This mechanism illustrates the necessary regrouping of interaction terms re- 
quired for the relativistic chiral Lagrangian as discussed in [26]. We turn to 
the quasi- local interaction terms of chiral order Q^: 



1 
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{s-0) 



12 / + 
L_[C'(^)[/,(2)+2/i(^)-2/i(3)],v^-M(^)] . (B.4) 



48/ 



We observe that neither the h^^'' nor the h^^^ couphng constants enter the 
interaction kernel to chiral order Q^. Furthermore the structure h^^^ is redun- 
dant, because it disappears with the replacements to g^'^^ — > g^'^^ + M hf-^^ 
and /i^^) h^"^^ — 2h^^\ Thus at chiral order we find 10 relevant chirally 
symmetric parameters h^^\ h^'^^ and h'^^\ 



C Projector algebra 

We establish the loop-orthogonality of the projectors q; w) introduced 

in (76). In order to facilitate our derivations we rewrite the projectors in terms 
of the convenient building objects P± and as 

y^''\q, q;w) = ± P± q;w)±3{q- V) {V ■ q) Y^iq, q; w) , 



2''k\{n-k)\{n-2k-l)\ 



= (c.i) 



where 



P±P^ = 0, P^l^jP^±{l-w)/^, p^V^ = V^P^. (C.2) 
In this appendix we will derive the identities: 
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$J < n ± > = 0, (C.3) 

with the convenient notation 

dH 



<n ±|m±>(^,g;«;) = j j^Yj^^\q,l;w)G{l;w)Y^\l,q;w) , 
G{l;w) = 



(27r)^ 



[w — ly — ml + ie P — ml + ie ^ 



Vviy — yml+ p"^ + yml + p'^ . (C.4) 

The real parts of the loop functions J^^\w;n) are readily reconstructed by 
means of a dispersion integrals in terms of their imaginary parts. Since the 
loop functions are highly divergent they require a finite number of subtractions 
which are to be specified by the renormalization scheme. These terms are 
necessarily real and represent typically power divergent tadpole terms (see 
(82)). According to our renormalization condition (69) such terms must be 
moved into the effective interaction kernel. 

In order to arrive at the desired result (C.3) we introduce further notation 
streamlining our derivation. For any covariant function F{q, l,q;w) we write 



r dH _ - _ 

{F)n,m{q, q;w)^ J F{q, I, q; w) Yn{q, I] w) G{1; w) Ymil, q; w) , 

The result (C.3) is now derived in two steps. First the expressions in (C.3) are 
simplified by standard Dirac algebra methods. In the convenient notation of 
(C.5) we find 



< n ± |m± > = {mN ± (/ ■ w))n+i,m+i P± 

+ 3 {{mn ± (/ • w)) (/ • V))n+i,m {V ■ q) 
+ S{q-V)P^ {{V ■ I) (mjv ± (/ • w))U,m+i 
-S{q-V)P^ {Yu (mjv ± {I ■ w)))r,,m {V ■ q) , 

n,m -f± 

(V-q) 

+ P± {tYu)n,m+l P^ + P± {i Yu) 

n+l,m ^ ) 

(C.6) 

where = w^/ \/nP. Next we observe that the terms 2{l ■ w) = P — ml — 
{w — Vf + ml + ml — ml + w'^ and Yu in (C.6) can be replaced by 
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w2 ml -ml 2 



/■^^ J_+ '> Yu^p\ (C.7) 



if tadpole contributions are neglected. The first replacement rule in (C.7) 
generates the typical structure occurring in (C.4). The final step consists in 
evaluating the remaining integrals. Consider for example the identities: 



(l)n,m(g, q] W) = (l)m,n(?, w) = Y^^ ""^^^ Ymiq, Q] w) Jn+m-liw) , 

{'^)n+i,m{q,q;w) = {'^)m,n+i{q,q;w) = 0, QJn{w) = - — (C.8) 

which hold modulo some subtraction polynomial for n > m and both n, m 
either even or odd. The result (C.8) is readily confirmed in the particular 
frame where w — 

Y^(l,q;w) = \q\r-'P:,{cos{r,q)), (C.9) 



by applying the Cutkosky cutting rule in conjunction with standard properties 
of the Legendre polynomials . Here it is crucial to observe that the object 
Yniqj^w) — Ynii,q',w) does not exhibit any singularity in If^. For example a 
square root term ^Jy^i in Y{q,l; w) would invalidate our derivation. We point 
out that this observation leads to the unique interpretation of P'^ in terms of 
Yqg, Yqq and Yqq (scc (C.9)) and thereby defines the unambiguous form of our 
projectors (C.l). Similarly one derives the identities: 



{Yqi)n+l,m{.q,q]W) = {Yqi) m,n+l{q, q] w) 

= YqqY^"^'"^ Yr,i{q, q] W) Jn+m+l{w) , 

{Yiq)n+i,m{q,q;w) = {Yiq) ^^n+i{q, q; uj) 

= Yqq Y^"^'"^ Y„,{q, q; w) Jn+m+i{w) , 

{Yql)n,miq, q\ w) = {Yqi)rn,n{q, w) = , 

{Ylq)n,m{q, q\ w) = {Yiq)m,n{q, T, w) = , (C.IO) 

which again hold modulo some subtraction polynomial for n > m and both 
n,m either even or odd. Our proof of (C.3) is completed with the convenient 
identities: 



{lf,)n+l,m = U)^ (Yu il-q)- W)n,m + % {Yll)n,m if U > m , 

Yqq {l^)n+l,m = {{} " ?) " w)n+l,m+l + q^l (l)n+l,m+l if U < m , 

{lfi)n,m+l = {Yu {I -q) ■ W)n,m + {Yll)n,m if U < m , 

Note the convenient identities: P^_^_^{x) = J2f=even (^^ + ^) Pl{x) for n even and 
K+ii^) = Er=odd (2^ + 1) Pli^) for n odd. 
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Yqq (^/i)n,m+l — '^/i 

{{I - q) ■ W)n+l,m+l + (l)n+l,m+l if n > HI , (C.ll) 

which follow from (C.IO) and covariance which implies the replacement rule 



The identities (C.3) follow now from (C.6) and (C.ll). For example, the first 
identity follows for n = m, because the first two terms in (C.6) lead to the 
loop function J^f^ (w; n) and the last two terms cancel. Similarly forn > m the 
first and second terms are canceled by the third and fourth terms respectively 
whereas for n < m both, the first two and last two terms in (C.6) cancel 
separately. 



D Isospin breeiking effects 

Isospin breaking effects arc easily incorporated by constructing super matrices 
y{i I) ^ j{i I) and T'^^ which couple different isospin states. Here we only con- 
sider isospin breaking effects induced by the loop functions, i.e. the interaction 
kernel V^^'^^ = dpi V^^^ is assumed isospin diagonal. 

Furthermore we neglect isospin breaking effects in all but the s-wave KN- 
channels. This leads to 

.(00) _ .(11) _ 1 T I 7 - ^ 7(01) _ .(10) _ 1 T _ J- \ (Y)U 

The remaining channels X are defined via Jx = J^"* with isospin aver- 
aged masses in the loop functions. We use also isospin averaged meson and 
baryon masses in V^^\ Note that there is an ambiguity in the subtraction 
point of the isospin transition loop function J^*]^ . We checked that taking rriA 

as used for J^^^ or ms as used for jj^^^ makes little difference. We use the 
average hyperon mass {mx + Tn^)/2. The X^p-reaction matrices can now be 
linearly combined in terms of appropriate matrix elements of M^^ 




(C.12) 



Mk 



Mi 



K-p^K° n 
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The fT+p K^p reaction of the strangeness +1 channel remains a single 
channel problem due to charge conservation. One finds 



Mpc+p-^K+p — ^KN^KN 1 JrN — Jk+p ■ (D-3) 

The charge exchange reaction K^n K^p, on the other hand, turns into a 2 
channel problem with (X+n, K'^p). The proper matrix structure in the isospin 
basis leads to 



M . A/f^=(^'^) ^ A/f^=(°'°) -L- ^ A/f^=(°'^) -L- ^ A/f^=(l'°) 

Jr^n — Jrn — 2 ('^^+" ~'~ Jk°p^ , Jrn — j\iN — 2 {^K+n ~ Jk°p) -(0.4) 

The subtraction point /^"^^^ in the loop functions Jx+p-, Jk+u and Jk^p is iden- 
tified with the average hyperon mass jjS^^ — /x^^^ = {m^ + ms)/2. 



E Strangeness minus one channel 



We collect the coefficients C^^) defined in (121,109,127) in Tab. E.l and Tab. 
E.2. For completeness we also include the 1 = 2 channel. All coefficients are 
defined within the natural extension of our notation in (92). The appropriate 
isospm states 

are introduced as 

i^g^TTe-^M-E, (E.l) 

where the matrix valued vector S[nj satisfies 



Q 

, ac [n] 



bd 



2 ^ah ^cd-\- 2 ^ad ^cb — 



-5 5 



bd ■ 



(E.2) 



n=l 
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Table E.l 

Weinberg- Tomozawa interaction strengths and baryon exchange coefficients in the 
strangeness minus one channels as defined in (121) and (E.l). 

F Differential cross sections 



In this appendix wc provide the expressions needed for the evaluation of cross 
sections as required for the comparison with available empirical data. Low- 
energy data are available for the reactions K~p — > K~p, K n, tt^ 
7r°A and K~p — > Tr^n~p, Tr+Tr^n in the strangeness minus one channel and for 
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Tabic E.2 

Coefficients of quasi-local interaction terms in the strangeness minus one channels 
as defined in (127) and (E.l). 



the reactions K~^p K~^p and K^n K^p in the strangeness +1 channeL 
The differential cross sections with a two-body final state can be written in 
the generic form 
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+ |F_(v^, e)|2(m, - {mf - Ef) 

+ 2K(F+(Vi,^)F!(x/i,^))p»p(£ cos^j (F.l) 

where p^^^^ and is the relative momentum in the center of mass system of 
the initial and final channel respectively. The angle 6 denotes the scattering 
angle in the center of mass system. Also, and nif are the masses of incoming 
and outgoing fermions, respectively, and 



Ei^^m^ + {p^l) , Ef^^m}+{piU) . (F.2) 

The amplitudes F±{^/s, 0) receive contributions from the amplitudes M'^^\^^ 0) 
and M(='=^(y^, 1) as introduced in (79). We derive 



e) = M^+\^s- 0) + 3p(J2 p« M(+)(v/i; 1) cos^ 

- (Ef - rrif) (Ei - m,) M^-\^s- 1) , 
F_(v^, e) = M(-)(V^; 0) + 3p({) M(-) (v^; 1) cos 9 

- (Ef + ruf) (e, + m,) M^+\^s- 1) , (F.3) 

where the appropriate element of the coupled channel matrix A/^^''*''' is as- 
sumed. For further considerations it is convenient to introduce reduced partial- 
wave amplitudes /jl/±i("^) "with 



ff-i^d^s)= ^^^> ' ^E, ± m, ^Ef ± mf M^^\^s, J - \) , (F.4) 
in terms of which the total cross section reads 



a^-.f{^rs)-^^^^t{l\ft^_.{^rs)? + {l^ .(F.5) 



Pern 1=0 



The measurement of the three-body final states Ti^-K'p and Ti^Ti'n provides 
more detailed constraints on the kaon induced A and S production matrix 
elements due to the self-polarizing property of the hyperons. Particularly con- 
venient is the triple differential cross section 
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dm'^- dcosO dk± 27rr|°*'-' cicos6' ^ ^ J< p-'-^ ^ 



knOp da K-p ^ttOtt-p _ rs+^^Op (i(7x-p^7r-S+ ^2 + 0;+ p 

dm'^+ dcos9 dk± 27rr^+''' (icos^ ^ fc^Op ^ 

^n-p do'x-p^Tr'^n~p ^A^n-p do'x-p^n'^A /-, . k± \ (T? fi\ 

dmldcosedks. ~ 2nrf^ dcosO ^ ""k^p ^^"^ ^-"^^ ' 



A 

which determines the polarizations PK-p-*n°A and -Pft'-p^7rq=s± 



Here a^- = -0.068±0.013, 0;^+ = -0.980±0.017 and q;a = 0.642±0.013 are 
the hyperon polarizeabiltics. The variable k± is defined in the K~p center of 
mass frame via fcj_pW^p^{| sin^^ = k ■ {p^^ x p^Q). In the hyperon rest frame 
it represents the decay angle /? of the S and A with k±_ = kT^±n cos (3 and 
k± = k-^-p cos (3 relative to the final neutron and proton three momentum 

k respectively. Furthermore m|± = ("^^± + ^^±n)^^^ + ("^n + ^^±n)^^^ 
ml^{ml.+kl.^y/^ + {ml + kl.^y/^. 

Differential cross sections and polarizations are conveniently parameterized in 
terms of moments An{\/s) and Bn{\/s) [11,116,117] defined as the nth order 
Legendre weights 



^A„(v^)P„(cos^)= 



„=o c^cos^ 

, 2 



00 (v^^^^ sin ^ 

-T.Bi{V~s)Pi\cose)^^ ^(F4V~s,e)Fl{V~s,e)) , (f.s) 

where P/(cos^) = — sin ^ P/(cos One derives 

(/) / 

Pcm \ ^ ^ ^ 

+(2/f4(V5)+^/r4(V5))/i;j'(V5)), 

{/) / 

Pcm \ ^ ^ 

+2 /£i ( ) /iSf ( ) + 2 ( ) /i^'i^ ) ) , 
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(/) 



-/23(V^)(/£:)(Vi)-/£i^ 



52 ( ) = 2 TT 41 S (ff2. {V~s) ffJi^s ) - ff_\ {V~s ) ffJiV^s )] (.F.9) 



We use the empirical mass values for the kinematical factors in (F.l) and 
include isospin breaking effects in the matrix elements M± as described in 
the Appendix D. Coulomb effects which are particularly important in the 
K'^p — > K'^p reaction are also considered. They can be generated by the 
formal replacement rule [133] 



V — 



V E + m p^^ sm\e/2) 

Pom „ ^2 



a = ^— ^ (F.IO) 



for the amplitude in (F.l). Here Ei = Ej = E, ijif — rrii — m, 

I (47r) ~ 1/137 and eZ^^ are the charges of the particles. 



G Chiral expansion of baryon exchange 



In this appendix we provide the leading and subleading terms of the baryon 
exchange contributions not displayed in the main text. We begin with the 
s-channel exchange contributions for which only the baryon decuplet states 
induce terms of chiral order Q^: 



K%l3(v^;0)=E 



.(Ac) 
[10] 



c=l 



3 im 



[10] J 



2^s 4/2 



(^^ - M«) 



4/2 2v/i, 
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v}-'itls(V~s; 1) = K%UV-s; 0) = eSyv^; 1) = , 



(-f,+) 



(G.l) 



where the index '3' in (G.l) indicates that only the terms of order are 
shown. Next we give the Q^-terms of the u-channel baryon exchanges charac- 
terized by the subleading moment of the functions /i^^j_(-y/s, m) 



"-[8] 



We derive 



ab 



^[8] . 



ab 



ab 



(G.2) 



ab,3 



m + M^^p (2 (f)a(l)b ^4 0a (Xa + Xb) (f>b \ m + M^f^ 



J ob,3 



l^+,ab 

y/s — m — R 



SsH^^ab ' ^ ^/siJ,+,ab{fJ'-,abfJ ^^+,ab 



L,ab ^R,ab 



l^+,ab 



S l^~,ab 



16 (PaMgMbXb 16 XaMaMb<pb 8 



_2 0a Xfe + Xa <t>b ^ 32 (j)a Ma Mb (pf, 



h'-^l{Vs,m) 



fJ'+,ab 



m + Mi^) 



l^+,ab 



ab,3 



l^+,ab V5 ()"+,a6)M)"-,a&)H ^v^^ 



4 



0a X6 



4 

+ :t 



Xa <f)b 



m + M, 



[R) 
ab 



y/s II+^ab{lJ'-,abY ^ Vs l^+,ab {l^-,ab)'^ J IJ'+,ab 

_2 {m + Mii^){m + Mif^) ^ 

«M 3 (/i+,„6)^ 



(G.3) 



where we introduced the short hand notations Ma — mB{i,a) and = a). 



Also, Xa^ Vs-Ma and 0a = Xa - "^a- We recall here M^f, = + Rl 

and M^f^ = mB(/,6) + Rn'^ab with ^ specified in (120). 

We turn to the decuplet functions Pn±{-\/s, m) 



ab 



V 



u-[10] 



4/2 



'-[10] . 



ab 



ab ' 



for which we provide the leading moments 



(G.4) 



Po+{s,m) 



ab 



Xa Xb 
^-,ab 



1 - 



S , / , \ \ , S XaXb 
+ — ( Xa + X6 ) + 



m 
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^ (Mg + m) (Mfc + m) / _^ Xa 06 + X6 _^ 0a (4 - l^+,ab) (t)b 



,ab 



+ 



3 y3m/x+,ab 3m J \ 2 

f Mh + m 1 \ f ^ 1, 2\2 0a0 



^3m/i+,ab 3mJ \ 2 / ^n+nt^ab 



+VS 5 T — T I M„ + Mb - Vs - 2 m 1 Zmq, 

, Xa X6 /o ^ ^ ^ , /n //n3\ Xa 06 + 0a Xb ^ 



3m 



/!'a06 7S \ 4Xa0a06X6 {Xa + Xbf 



_2 0a 0;, / (Xa + Xb) ^ ^ Xa Xft \ _ Xg 06 Xfc + Xa 0a Xft 

^1 /0aX6 + Xa06^0a(4v/i-/.^,..)0A /^^ + + 3 m) 

^2 0a 0;, Xa + Xb ^ Xa X& Xa 0b + Xh 0a _ Xa+Xb \ 
3 Vs/^-,a6 /^+,a6 /^+,a6 V ^^-,ab ^ Sui J 

_^ Xa (Mg + m) + X6 (Mb + m) / Xa 0& + Xb 0a _^ 0a (4 y/j - /X+,ab) 06 ' 
3"^/^+,a6 \ /^-,a6 ^ fJ'+,ab fJ'-,ab 

Vs Xa + X6 ml _ -y/i Xa 0b + Xb (t>a ^ <t>a <t>b 2 y/j + /i+^gj, 

m 3mfi+^ab m 6mfi+^ab fi-,ab 12 s/^+^ab 



2 0a0fc (Ma + m)(Mb + m) / ^ 2 ^ Xa + xA 

9//_,a6 V H+^ab l^-,ab J 

+ ^ (Xa 0b + 0a Xb) (^[10] - 1 - 4ol (l + 



^[10] 

3m^ 



'(I 0g + 2 Xb + Xa{yb + 2ml)\+0 (q') , (G.5) 



-(Mg + 



ab 



MgMfe /^Mg + Mfe + 2m 



3/i+ 



+ 



Sm/i+^ab 

2v^ 



/x_,ab 3 m 



8 M„ Mb 



ab 



3/i-,ab/^+,ab ^ f^- ,ab f^+,ab , 



Mb + m) 



Xa 2 g (Mg + m) ^ ^ y/^MgMb _ 8 (Mg + m) MgMb ^ 



3 A*-,ab 

Xb 
3/X-,ab 



^ mn+^ab 
'2 s (Mb + m) 
^ mn+^ab 



+ 4 



V^MgMh _ 8 v/i(Mb + m) MgMb ^ 
m2 3 mn+^ab l^+,ab , 
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~ (^^ + M.) (v/i + M,) + O (g) 
/ 2 (M„ + m) (Mb + m) _ 1 \ 0, + M„ 0;, 

2 (M„ + m) (Mb + m) 06 + 0a , 4 0a V^06 \ 



+ 



3 f^-,ab fJ'+,ab \ f^+,ab f^-,ab 3 ^ ^ab - ,ab J 

^ MgMb XaXb ^^ S \ 16 0a 0b 8Xa06 + 0aX6' 



/^+,a& V3 fJ'-,ab V 5/X+,afe/X^,a6 3 v^/i^,a6 / 

+ (2 ^ _ 8 Ma MA Ma + m | 0a + Xa X6 + 

\3 9 //+,a6 / H+,ab rnjl-^ab 

^ / 2 ^ _ 8 MgMA Mfc + m |06 + XaX6 + mg 

-{l^s-- M^L^^ — A» Xb ^ 4 iH, v^.Ub x» + Xb 

\3 9 //+,a6 y m2 l_l+^ablJ'-,ab 9 //+^a6 

^m + Ma / 16 MgMb Xa (l>b + Xb(t>a ^ 32 M^M^ 0a 06 A m + Mfc 

Iv^/m + Ma m + Mb \ A Xam^ + Xbml 



Xa + Xb + o 



3 m \ li^^ab l^+,ab J 3 m^fl+^ab K-,ab 

^/^SxaXb ^ A ml + ml ^ 2 0a + 0^ ^ 4 Xg Xb + Xb Xa A MgMb 

\3 /i-,ob 3 /i_,ab 3 H-,ab l^+,ab l^-,ab J 



m 



— 1 Zmq, + - — Z[io] ( Xa + Xb) 




2 (m + Mg) (m + M^ 
9 



Ma 



l^+,ab f^-,ab 

Vs Xb 



f^+,ab 



3 m /i_,ab 
2Zr 




2 |0a + 2m2 ^Xb 2 v^Xa i0b + 2m2 4 , 



+- 



+ 



/^-,ab 
Xa Xb 



l^+,ab 



+ - 



rn'^fJ'-,ab 



3 /i+,ab/^- 



,ab 



3 /^+,ab 

2 Xa S Xb 



+ 



+ 



5 l^+,abl^-,ab 
\fs (Xa + Xb) 



9 m2 /X j /x_,a6 9 m2 
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2 (M„ + m) l(l)a + XaXb + ml 2 (M^ + m) | 06 + XaXb + ^6 



9m 



9m 



2 Xa 0b + 0a Xfe I 0a 0b + M„) (m + Mfc) / 8 

3 -s/s IJ,+ /J,! flt ^ai^ /^+,afe 



XaXb 



mg + mg 1 0a + 06 



3 mV-,a6 3m'^iJ,_^ab Q W? Il_^ab 

4 (m + Af,) (m + M,) / x 

q ,,3 \Xa 06 + X6 0a j + 

y ^^-,ab^^+,ab 



Xa + Xb 

9 m? 



l^~,ablJ'+,ab 

45 V~s , 



Z[io]+ 0(^)7,) 



and 



Pi-{\/s,m) 



16 M„Mb 



a6 



^ 32 (m + M„) M„ Mfe (m + M^) 



15 (//_,a6)V+,a6 45 {/I^^abf {/I+^abY 



4 (m + M„) y/j (m + M^) 

9 iH-abf il^+,aby 



+ 



+ 



1 //+,a6 + 2 y/g 8 Mg Mb 2 (m + M,,) (m + M^) 

3 ll+^ablJ'-,ab 15m2/X-,a6 9 /l^^ab l^l^ab 

16 MaVsMb Xa + Xb ^ 16 M„Mfe M„ + Mb + 2m 



15 m2 IJ,+^abl^-,ab ' 45 

_4 Xa g (m + Mg) _ 4 (m + Mfe) g X6 _ 2 ^/i 2m + M„ + M6 

9 9 mn'i^^bnX^^ 9 m n+,abl^-ab 

^32 M v/^M, . ^ Xa + (m + M,) X6) + O (Q') . (G.8) 

This appendix ends with the d-wave resonance functions gi±(\/s, m) 



o6 



4 

E 



14/2 



^[9] . 



a6 



[9]; 



a6 



(G.9) 



One may or may not apply the questionable formal rule y/s — m[9] ~ Q. 
The explicit expressions below, which rely on ^/s — mp] ~ Q and /i- ~ Q, 

demonstrate that our total result to order are basically independent on this 
assumption. Modified results appropriate for an expansion with y/i— m[9] ~ 
and 11- ~ follow upon dropping some terms proportional to (l//x_)". We 
derive 



_l_Xa Xb 

6m^ 



ab 



Xa Xb 

3 m? 



(2^/^ + m) Z| 



[9] 



(m„ + Mb - v/i + 2 m) Zfg] + O (Q^) 
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6^/sfi+^ab QfJ'lfJ-.abK m J 9 mV-,a6 

l (Xa /^-,a6 + ^ 0a) (xb /^-,a6 + | ^b) 



+ (^rnlxb + '^Xaml+ (xa (l>b + (l>a Xb) {^ + ^^^ %1 

+ 6^ {xa 4>b + 0a Xb) (l - 2 ^) 4] + ^ (^') ' (G-10) 



and 



3 ' 9/<+, 



,a& 



^[9] 

6 im? 



Ma{lV^-fm-Ma-Mb)Mb-s^/^) 



^Zj^^iZ^ ( + M„) (^A + M,) + ^ M„ M, + O (Q) 

, 2Xa\/gXb ^ \ , 1 A , o , r Xa + Xb 

IJi+^abl^-,ab V m^y 3 \ /i+,a6/ 3 m 

+4 Ma Mb (2m- ji+^ab ) 



m/i+^ab y^rn 9 mix_^ab 

'^XaXb + mi + mi + l {4>a + 4>b) 



4M„(2m-At+,„j,)Mfc ,^ _2 , _2 , i 

9m2 IJ,+^ablJ'-,ab 

-^^^ {s - ^ M„ M,) - ^ - M„ M,) + O (Q^) , 

(G.ll) 



and 



(x^, = ^ + ill _ 2 rn) + ^ + O (g) 
9 9m^ ^ ^ 9 m 

-TT^ ^ {^XaXb + m^ + mf, + ^{(pa + <j)b) 

(^2 ra^\ ^ ^ _ 

mn+ab \^rn 9 fi^ab J 9"^ ^ 



and 
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[qi'}{^,m)U = + O{Q-' 



2^s 



+ 



4 4M,Mb 



+ 



A Ma Mb 2 4 Ma Mb 32 Ma Mb 



+ 0(g°) .(G.13) 



H Perturbative threshold analysis 

Close to threshold the scattering phase shifts are characterized by 

the scattering length or scattering volumes a\^L^j 



cot<5fj_^^,(.) = -^ + ir[^,,,,]g^ + Q(g^) , (H.l) 

where we include the isospin in the notation for completeness. For s-wave chan- 
nels one finds b = — ra^/2. The threshold parameters, a[^^l, can equivalently 
be extracted from the threshold values of the reduced amplitudes 



4 TT f 1 + — ) aSvti = ^y/^ {mN + m^; n) , 

\ 771 TV / 

Att fl + ^)ai;f^l = -^Mi;jf\m^ + m^-,n). (H.2) 

V TTli\[ / 41 Til AT 



(/,+) _ UN) (I-) 



We identify the s and p-wave threshold parameters a^^ Q = (i\s2i iV ^TrAr,o 

^[^'21^1] ^"^^ ^^^Ni ~ ^\p^i-i\ ■f'-'^ which all terms up to c 
lected. The s-wave pion-nucleon scattering lengths are 



+ (2 + 9'^' + ) ^ + ^s"^ + + 

2 2 2 

- 2 (260 + + + (g') , (H.3) 



^Pm^ -V ^."^y^ 

where 3 ais+] = a[5ii] + 2 aj^g^j and 3 a[s_] = a[s^^] - 0(^31] and F^s] + £'[8] = gA- 
For the s-wave range parameter we find 
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V mNJ ^ '^f rriT, ^pruN 



(2^^ + ^1?^ + ) + ^ (2 ,r + ^ir^ + ^? 



^ (2 - Z[io]) (l + ^[10] + (2 - Z[io]) ^) + O 



2 C'fio] 



9 /2 mA 
The p-wave scattering volumes are 



mAf/ ^ 3m^/2 27/2 //a + GpruN 

, 16 (^[10] C^2Z[io] / ^ ^ JTiiv\ 

+27 7^ mA (//A + " 27^ V ' ^^''^ ~ ^^''^ 2^J 

^ (2 + 9^' + ) + {g'P + + O (Q) 



4 7r ( 1 + o^'^^) = , ^^fio] 1 _ 2(7^ + 3 

' ' l-P^i] 6m,/2 ^ 27/2 /iA + m^ 12/2mAr 



rriN 



+27 7^ mA + m.) + 7^ 27^^^ " ^^''^ ~ ^^''^ 2^) 
(2 + .S?^ + 9f) - ^ + g'P) +OiQ), (H.5) 



and 



47, ^ . .(-^) = , _Jl d_ 

+ 27 7^ mA(//A + mJ + 7^ 27^ V ~ ^^''^ " ^t^"' 2^) 
^ (2 + .Sl^ + ) - ^ {g^ + ) + (9 iQ) 



12/2 V - y 6/ 

4.(l + ^)a[-) = -^ + ^f^^ + ^^^ 

1 '^[10] "^TT , C'fio] ^[10] A 7 7 mjv \ 
— — 77^ : r H TTT- — i — Znni — Znnl 



27 p mA(/UA + m,)+ p 21 \ 2mAy 
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(Q) , 



(H.6) 



where /^a = ''^a — ~ Q- Note the Z-dependence in (H.3,H-5,H.6) can be 
completely absorbed into the quasi-local 4-point couphng strength. Express- 
ing the threshold parameters (H.3,H.5,H.6) in terms of renormalized coupling 
constants g as 



2 9r+»g''+9r=2ar+9S''+#' 



82-^. / _ r^jj 

9 mArriN \ niA V 2mA/' 



r, (S) , (S) , (S) r,~(S) , ~iS) 

^9o +9d +9f -^9o +9d 



i2 



.2-' . =.1- + + i ^ (i - z,, (i . ^)) OS,.) 

leads to results which do not depend on Z[io] explicitly. Similarly one can 
absorb the decuplet pole terms l/(/iA±^7r) by expanding in the ratio rriTr/ ha- 

We turn to the strangeness channels. It only makes sense to provide the p-wave 
scattering volumes of the strangeness plus channel, because all other threshold 
parameters are non-perturbative. The leading orders expressions are 



47r 1 + 



rriN 



(KN) 
Vol] 



1 ((3F[3]+L>[8])- 



36/2 



(A) , 



-9 



[8] 



/^[8] + rriK 



(1 + 



<^[10] 



^[10] 



[10] 



/^[lO] + 



1 - ■Z'[io] - -Z'[io] 



2 m 



[10] 



9f2 



12/' 
+0 {Q) , 



29P 



+ 



6/2 



1 + ^ 
2 mjv 



{T)\ 



47r 1 + 



+ 



(KN) 



36/2 



( 3F[8l+£>[8])^ , , (^8] 

(A) , (S) , 

A«[8] + "^i^ A«[8] + "^K 



(1 + ^) 



'-[10] 



^[10] 



mr\ni + IrriK 



27 Pm 



[10] 



/^[lO] + 



1 — 'Z'[io] — Z\ 



'[10] 



2m 



[10] 



12/2 



2mAr/2 



and 
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f, ^'^K^ (KN) _ 1 / CD[8|_i>])^ i3^si±D^\ ^ mK^ 



■ . .2 (S) (E) ^ + 2^[10] 1 - ^[10] 1 + (E) 

i- (2 ,f - ,f ) - 2 ,f ) - -i- + 2 +OiQ), 



4.(1 + 1^) a[S = ^ f^^^j|±M! + 3%^^] (1 + !^) 



Cfio] ^fo] + 2mK / / mN^rriK 

Tsy (s) , + 2 ^[10] 1 - ^[10] 1 + (s) 



108 /2my] \ /xjioj + mx \ \ 2m[io] 

' (2 + + 2 + 12? + 2 #') + O (Q) . (H.9) 

where /x[^]q] = '"^[g^io] ^^at with if = A, E. Note that we included in (H.8,H.9) 
large kinematical correction terms ~ itik of formal order Q induced by the 
covariant chiral counting assignment scheme at leading order. 

Note that the p-wave scattering volumes of the kaon-nucleon sector probe four 
independent combinations of background terms as compared to the p-wave 
scattering volumes of the pion-nucleon sector which probe only two combina- 
tions. It is possible to form a particular combination which does not depend 
on the hyperon u-channel exchange dynamics 

V mivM [-^"^l [-^"^l [-^^i] •^'^[^'23]; 

= 2 (2 - g['^ - 2 ) + 4 {gP + 2 g^P) + O (Q) . (H.IO) 
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